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PEEFACE  TO  THE  FIEST  EDITION. 

[  HAVE  been  frequently  asked  to  produce  solutions  of  the 
"*-  examples  in  my  Treatise  on  Elementary  Hydrostatics, 
but  the  pressure  of  other  work  has  prevented  me  from 
undertaking  the  task  of  preparing  them. 

These  solutions  have  been  almost  entirely  drawn  up  by 
Mr  A.  W.  Flux,  Fellow  of  St  John's  College,  and  I  am 
much  indebted  to  him  for  the  labour  which  he  has  bestowed 
upon  the  work. 

I  hope  that  they  will  be  found  to  be  useful  and  helpful, 
both  to  teachers  and  to  students. 

No  figures  have  been  given,  but  the  student  will  find 
no  serious  difficulty  in  drawing  figures  for  himself  when 
necessary,  and  he  will  find  it  greatly  to  his  advantage 
to  do  so. 

W.  H.  BESANT. 

January  1891. 


PREFACE  TO  THE  SECOND  EDITION. 

TN  the  latest  edition  of  the  Treatise  on  Elementary 
-*-  Hydrostatics,  the  fifteenth,  considerable  changes  were 
made  in  the  text,  and  much  additional  matter  was  inserted. 

The  examples  and  problems  were  also  rearranged,  some 
useless  examples  were  removed,  and  a  number  of  new 
examples,  taken  chiefly  from  recent  examination  papers, 
were  added  to  the  various  groups. 

The  present  edition  of  the  Solutions  has  been  carefully 
arranged  so  as  to  be  in  complete  accordance  with  the 
fifteenth  edition  of  the  Treatise. 

I  have  again  to  thank .  Mr  A.  W.  Flux  for  valuable 
assistance  in  the  writing  out  of  Solutions  and  in  the  revision 
of  proof  sheets. 

W.  H.  BESANT. 

February  1893. 
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ELEMENTAEY    HYDBOSTATICS, 

SOLUTIONS   OF  EXAMPLES. 


CHAPTER  I. 
Examination. 

4.  (1)  The  unit  of  area  is  a  square  inch,  the  pressure  on  which  is 
10£  pounds  weight. 

(2)     The  unit  of  area  is  four  square  inches,  the  pressure  on 
which  is  42  pounds  weight. 

5.  Suppose  h  so  small  that  the  pressure  may  be  considered  uniform 
over  the  rectangle,  the  area  of  which  is  bh. 

This  uniform  pressure  is 

wbh  {a + h)/bh =w(a+h)= wa 

when  h  vanishes,  i.e.  at  any  point  in  the  upper  side. 

6.  Area  of  larger  pipe  =  9  x  area  of  smaller  pipe ; 

.*.  required  force  =  9  x  20  =  180  lbs.  weight. 

8.  Area  of  5=64x36  x  36  x  area  of  A; 

.*.  mass  supported  by  5=64  x  36  x  36  lbs.  =  37^  tons. 

9.  If  a  be  the  length  of  the  side  of  the  square,  2b  the  other  side  of 
the  rectangular  lid,  W  its  weight,  p  the  pressure  when  the  lid  is  on  the 
point  of  lifting, 

Taking  moments  about  the  line  of  the  hinge 
pazxa=  Wxb  or  jo  =  — . 

10.  Here  a«J,  6=f 

w    p. a3       800      ._,,        , 
Jr=   -,-  =z — 3--  =  10  lbs.  wt. 
b        5x16 

B.  E.  H.  1 
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11.  The  distance  through  which  the  larger  piston  moves  is  one- 
ninth  of  that  moved  through  by  the  piston  in  the  smaller  pipe. 

12.  Let  the  base  of  the  triangle  be  2n  times  its  height  and  let  h  be 
the  height. 

The  area=rcA2. 

The  length  of  PQ=2nx. 

.'.  Area  of  A  PQ=nx2. 

.'.  Mean  pressure  on  APQ=p/n. 

Since  this  is  independent  of  x  the  pressure  is  uniform  over  the  whole 
triangle. 

13.  Pressure  on  a  circular  portion  having  its  centre  at  the  fixed 
point,  and  of  radius  r  =  Xr3. 

If  the  radius  be  r+x  the  pressure  is  X  (r+x)3. 
The  increase  in  area  is  rr{(r+x)2  —  r2}  =ir  {2rx+x2). 
,\   Mean  pressure  over  the  area  added 

_X  (r  +  x)3-r3_\  3r2 + Zrx +x2 
ir       2r+x 


7T 

3X 

2tt 

Zrx+x2 
r 

when  x  is  diminished  indefinitely. 

And  this  is  the  pressure  at  any  point  on  the  circumference  of  the 
circular  portion  of  radius  r. 

ij       mi  •         1000°         i  v 

14.  The  pressure  is  =-n — ir^—  atmospheres. 

14|x36tt 

.'.    the  compression  =  —  x  '00005  of  the  whole  volume ; 

29  X  007T 

.*.     distance  through  which  piston  is  compressed 
_  10x12  _    1     . 
■~29x367r~27-3mCtl- 

15.  Total  volume  of  water  in  the  two  tubes  =  \Y7r  cubic  feet. 

Let  x  inches  be  the  distance  through  which  the  piston  is  forced. 

n  .  TT.v        /185 

Compression-  ffi_  / —^^ 

This  is  produced  by  a  pressure  of  58  n  lbs.  wt.  on  n  sq.  inches,  which 
is  about  4  atmospheres. 

.  \    4  x  -0000-19  =  r^r  lor^=  -87024  inches. 
4440 


x 
4440' 


CHAPTER  II. 
Examination. 

2.  Mass  of  a  cubic  foot  of  water =62 -5  lbs. 

.*.  Mass  of  a  cubic  yard  =  1687-5  lbs. 

Mass  of  a  cubic  inch  =Ti79R 

=  -0361 689&14  lbs. 
Mass  of  a  cubic  foot  of  mercury  =  848  lbs. 
.*.  Mass  of  a  cubic  yard  =  22896  lbs. 
Mass  of  a  cubic  inch  =  '49074  lbs. 

3.  1  cub.  foot  =  2831 6  cub.  cm. 

.-.  Mass  of  1  cub.  foot  of  water =28316  grammes. 
Mass  of  1  cub.  foot  of  mercury 

=  28316  x  13568  =  3841 91488  grammes. 

4.  Mass  of  1  cub.  cm.  of  water =1  gramme 

=  -0022046  lbs.  =  0352736  ounces 

1 


28-3495 


ounces.  (See  Art.  22.) 


5.  Mass  of  1  cub.  foot  =  2831  -6  grammes 

=  2831-6  x -0022046  lbs. 
=  62425  lbs. 

6.  A  cubic  yard  of  cork  weighs  as  much  as 

•24  cub.  yds.  =  6-48  cub.  feet  of  water. 

_      -p       .     ,  11x19-4  +  8-84     1QK_ 

7.  Required  sp.  gr.  = — =18*52. 

19 


1—2 


4  CHAPTER   II. 

8.  Mixture  of  equal  volumes  has  sp.  gr.  £  (5  +  7) =6. 

2 
Mixture  of  equal  weights  has  sp.  gr.  £xr<>r  5f. 

9.  The  required  weight 

=  27  x  1728  x  -45  X  5  =  104976  lbs.  wt. 

10.  2F,  V  being  the  volumes  of  the  two  fluids  which  are  mixed, 
2  V  is  the  volume  of  the  mixture. 

. • .  density  of  mixture  =  — ay       =  2P* 

11.  The  required  weight 

=  27  x  -12  x  1000  ozs.  =  202^  lbs.  wt. 

1000 

12.  A  cubic  inch  of  water  weighs  lT~r^ — — _  lbs. 

b     1728x16 

.*.  the  sp.  gr.  of  the  substance 

_1625     16x1728 
~"3456X      1000 

13.  s,  tf   s",  o-  being  the  densities  of  the  three  fluids  and  of  the 
mixture, 

s  +  s'  +  s"  =  3<r;         .*.  s  =  3a-s'-s". 

14.  Let  the  resulting  volume  be  V+  V  -  v. 
Then  s(V+V'-v)=  Va  +  V'*' ; 

_  V(s-<r)+  V'(s'-o-') 


Examples. 

1.  Let  F",  a-  be  the  volume  and  density  of  one  fluid,  mV,  no-  the 
volume  and  density  of  the  other. 

p(m  +  l)V=  V<r  +  mnV<rf 
1  +  ra 
r  l+rnn 

2.  Let  2  V  be  the  volume  of  each  fluid. 

The  volume  of  the  mixture  is  3  V.     Its  density  being  o- 
3Fo-=2Fp+4Fp;        .-.  «r*=2p. 
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3.  The  densities  of  the  n  fluids  being 

Pj2P>3p, np 

when  equal  volumes  are  mixed,  the  density  of  the  mixture  is 
1  +  2  +  3  +  ..  .+n        n+l 

n r*^r+ 

When  the  volumes  are  in  the  ratios  of  1 .  2 .  3...n,  the  density  of  the 
mixture 

-  l2  +  2'2+  —  +ft2    _  2n  +  l 
1  +  2  +  .. ,+n  p~      3     P* 

When  the  volumes  are  in  the  ratios  of 

».n-l.. .3.2.1, 

the  density  of  the  mixture 

_w+2(n-l)  +  3(n-2)  +  ...  +  w    _  tt  +  2 
w  +  ^l  +  ...  +  2  +  l  P~     3    9' 

4.  sl9  s2  being  the  sp.  gr.  of  the  two  fluids, 

.•.  «1=4o--3(r',  *2  =  3<r'-2jr. 

5.  Let  slt  s2  be  the  specific  gravities  of  the  fluids, 


81  +  s2      4 
"~ 2~~3 

2 

•  1       1; 

-  +  - 

sl        S2 

.-.  35^-10^ 

•2  +  3s22=0; 

.'.  s1  :  s2=l  : 

3  or  3  :  1. 

x  gallons  be  the  quantity  required, 

5±£*    MM,.-. 

#  +  10                ' 

#=^  =  4-7619.. 

3a  1 

7.  Volume  of  earth 

=  |tt (1-275)3. 1027  cubic  centimeters. 
,\  mass  of  earth  =  |tt  (1-275)3  X  5*67  x  1027  grammes 

=  615  x  1027  grammes  about. 

8.  Let  I  feet  be  the  unit  of  length. 

The  mass  of  P  cubic  feet  of  water  is 

7000000  ,, 
1000  P  ozs.  =  — r„—  ll  grains. 
lb 


6  CHAPTER  II. 

,\  the  weight  of  a  unit  of  volume  of  the  substance  is  the  weight  of 

7000000  ■„ 

— jg — l3s  grains, 

if  s  denote  its  specific  gravity. 

Now,  this  weight  is  s  units,  i.e.  28s  grains  wt. 

...    28  =  7000000Z3 

16 

73  64 

or  l3= 


1000000 


o-j  —  0 

0 

<r2-<r 

o-     ' 

o-3-o- 

and  ^-1  =  1  foot. 

9.  Let  5,  o-  be  the  sp.  gr.  of  A  and  5. 
V  the  number  of  cub.  feet  in  a  gallon. 

Ffix62-5  +  A1  =  (V+^Oo-1x62-d 

-701X62*5'+- 

.-.  62-5  r(*-01)=X1. 

So  also  62-5  F(s-o-.2)  =  A2. 

62-5  7(«-  0-3)  =X3. 
.   \  C0-!  ~  o)  _  X2  (o-2  -  0)  _  X3  (0-3 — 0) 

S  —  0j  S  —  02  S  -  0"3 

which  equations  determine  s  and  o\ 

10.  Let  s,  o-  be  the  specific  gravities. 

(1)  Weights  proportional  to-,    -  are  mixed. 

S        or 

*-  +  ! 

Sp.  gr.  of  mixture=^-4  =  ^+.r- 

52+0-2 

(2)  Vols,  proportional  to  s .  o-  are  mixed. 

S2  +  02 


Sp.  gr.  of  mixture: 


+0 


E,.  r.  SO-(S  +  0-)2 

atioofsp.grs.^-^--^-. 


CHAPTER  III. 
Examination. 


1.  The  pressure  is  increased  by  the  weight  of  the  liquid  contained 
in  a  cylinder  whose  base  is  equal  to  that  of  the  vessel  and  whose  height 
is  equal  to  the  increase  of  depth  of  the  liquid. 

2.  (1)  The  pressure  on  a  unit  of  area  (a  square  inch)  =  the  weight 
of  i££  cubic  feet  of  water  =  43f§  lbs.  wt. 

(2)     Pressure  is  now  increased  by  the  atmospheric  pressure,  i.e. 
by  about  14^  lbs.  wt.  per  square  inch,  and  is  therefore  about  58  lbs.  wt. 

4.  Neglecting  atmospheric  pressure,  the  pressure  on  a  square  inch 
=the  weight  of  j|2~  cubic  feet  of  water=73{^f  lbs.  wt. 

6.     The  depth  of  the  centre  of  gravity  of  the  triangle  is  =-j=  feet. 
Its  area  is  \/3/4  square  feet. 

.'.  the  pressure  on  it  =  the  weight  of  |  cubic  foot  of  water = weight 
of  125  ozs. 

8.  If  a  cylinder  with  vertical  generating  lines  be  described  on  the 
same  base  as  the  cone,  the  pressure  on  the  curved  surface  of  the  cone 
is  the  weight  of  the  liquid  which  would  till  the  space  between  the  cone 
and  cylinder,  i.e.  twice  the  weight  of  the  liquid  in  the  cone. 

9.  If  we  suppose  the  density  of  the  area  to  vary  as  the  depth 
below  the  surface,  its  centre  of  gravity  would  be  the  centre  of  pressure. 
Now  this  centre  of  gravity  is  evidently  at  a  greater  depth  than  that  of 
a  uniform  area  with  the  same  boundary,  unless  the  area  be  horizontal, 
when  they  coincide. 

10.  Let  2a  be  the  height  of  the  rectangle,  2b  its  breadth  and  let  h 
be  the  depth  of  the  upper  edge. 

The  pressure  when  this  edge  is  in  the  surface  is  4a?bw  at  a  point  at 
depth  4a/3,  taking  w  as  the  intrinsic  weight  of  the  liquid. 
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This  pressure  is  increased  by  the  pressure  Aabhw  uniformly  dis- 
tributed, the  resultant  of  which  may  therefore  be  considered  as  acting 
at  the  c.  g. 

If  x  be  the  depth  below  the  upper  edge  of  the  consequent  resultant 

pressure 

4a 
Aabw  (a  +  h)x= 4a?bw .  —  +  Aabhw .  a  j 


a     VAa  ,  ,"1 


=  a  +  a2/S(a+h). 

The  centre  of  pressure  is  therefore  at  a  depth  a2/3  (a  +  h)  below  the 
centre  of  gravity. 

11.  Let  h  be  the  length  of  the  vertical  side  of  the  rectangle,  x  the 
depth  of  the  required  line,  b  the  breadth  of  the  rectangle. 

The  whole  pressure  on  the  rectangle  =  w  .-r.hb. 

x 
The  pressure  on  the  upper  portion    =w .  -  ,xb. 

L 

.-.  a*=4#  or  x=h/j2. 

12.  If  ocr  be  the  depth  of  the  rth  line  of  division,  we  have  as 
in  (11), 

r  i 

sjn 

13.  h  being  the  height,  2a  the  base  of  the  triangle, 
x  the  depth  of  the  dividing  line,  whose  length  .*.  =  2 .  '-j- . 

Whole  pressure  on  triangle=w.  \h.ha. 

Pressure  on  upper  portion  =  w .  §# .  x  -j- ; 

.*.  x=hW% 


EXAMPLES. 


Examples. 

1.  Let  A  be  the  sectional  area  of  the  cylinders,  W  the  weight  of 
the  piston,  h,  k  the  heights  of  the  water  in  the  open  and  closed 
cylinders,  w  being  the  intrinsic  weight  of  water  the  position  of  equi- 
librium is  given  by 

w.hA=w1cA+  W, 

or  h-k=W/wA. 

The  volume  of  water  {h+k)  A  in  the  two  cylinders  being  known,  h 
and  h  are  at  once  determined. 

2.  The  weight  must  be  equal  to  the  weight  of  8  x  (2^)2  cubic  feet 
of  water,  i.e.  3125  lbs.  wt. 

3.  Let  h  be  the  height,  b  the  breadth  of  the  rectangle,  and  let  the 
line  cut  the  lower  side  at  a  distance  b  —  x  from  the  opposite  corner. 

Pressure  on  whole  rectangle =w.  -  .  Kb. 
Pressure  on  triangular  part=w> .  — .  — . 

.-.   y=i&  or  #=£&. 

4.  Let  h  be  the  whole  length  of  tube  occupied  by  the  two  liquids, 
x  the  height  of  their  common  surface  above  B. 

The  height  of  the  surface  of  the  lighter  liquid  above  the  common 
surface  =  7^/2^/2. 

That  of  the  surface  of  the  heavier  liquid  is 

(1-2^2)/^; 
/.  2^|-2V2)=|  or  x=h/8/j2. 

5.  Area  of  curved  surface =n  square  feet. 

Pressure  on  it  due  to  weight  of  water  =  weight  of  -=  cubic  feet  of 
water. 

Pressure  on  it  due  to  weight  of  piston  =  n  x  4-r-  =  16  lbs.  wt. 
.*.  whole  pressure  =  16 +1! L  n  lbs.  wt. 

6.  The  cylinder  being  full  of  water,  the  effect  is  simply  that  which 
would  be  produced  by  increasing  the  weight  of  the  piston  by  1  lb.  wt., 
i.e.  the  whole  pressure  is  increased  by  4  lbs.  wt. 

20      125 
The  pressure  at  a  depth  h  is V—zrh  lbs.  wt.  per  square  foot. 

77  2 
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7.  (1)     When  the  vessel  is  full,  the  water  will  overflow  as  the  lead 
is  immersed,  the  pressure  on  the  base  being  unchanged. 

(2)  If  the  vessel  is  not  full,  the  pressure  on  the  base  is 
increased  by  the  weight  of  a  quantity  of  water  equal  in  volume  to  the 
piece  of  lead. 

8.  Let  h  be  the  height,  r  the  radius  of  the  cylinder. 
Pressure  on  curved  surface  =  wrh .  Zirr. 

Pressure  on  each  end  —wr .  -nr2. 

Weight  of  fluid  =wh  .  tit2. 

or  2r=h. 

9.  Let  the  vertical  through  G  meet  AB  in  B,  and  let  6  be  the  angle 
made  by  GA,  GB  with  the  surface. 

The  depth  of  A  is  b  sin  0,  that  of  B  is  a  sin  6 ; 

.*.  the  depth  of  B— 5 — . 

r  a  +  b 

For  CD  bisects  ACS  and  therefore  AB  :  BB  =  b  :  a. 
The  depth  of  the  e.g.  of  AGB 

„/.    .     .  ,  2a6sin<9\  /_     sin  6   b(b  +  3a) 

=-*(b*m6+^w-)r=-r--^b-- 

The  depth  of  the  e.g.  of  «W  J^.ifcgS. 

The  areas  of  AGB,  BGB  are  as  AB  :  BB  =  b:a; 

.'.  the  pressures  on  them  are  as  b2(b  +  3a)  :  a2  (a  +  '3b). 

10.  Let  w,  3w  be  the  intrinsic  weights  of  the  two  fluids,  h  the 
depth  of  each,  r  the  radius  of  the  cylinder. 

The  whole  pressure  on  the  surface  in   contact  with   the   lighter 
fluid  is 

w .  2nrh  .  -  =  wnrh2. 

The  whole  pressure  on   the  curved  surface  in   contact  with   the 
heavier  fluid  is 

wh .  2nrh  +  3w .  2nrh  .  ±  =  mvnr/i2. 

A 

.*.  the  whole  pressure  on  the  curved  surface  =  Qwnr h2. 

If  the  fluids  be  mixed,  the  intrinsic  weight  of  the  mixture  will  be  2iv. 
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The  whole  pressure  on  the  curved  surface  will  be 
2w .  2wr .  2h .  h—  Swnrh2. 
and  82vnrh2  :  6wtjtA2  =  4  :  3. 

11.  Let  ABC  be  the  triangle,  AB  being  in  the  surface.     If  0  be 
any  point  in  the  line  CD,  joining  C  to  the  middle  point  of  A  B, 

The  pressures  on  the  triangles  CAD,   CBD  are  equal  and  the 
pressures  on  OAD,  OBD  are  equal. 

.*.  the  pressures  on  CO  A,  COB  are  equal. 

If  OD=xa,ndCD=h) 

Pressure  on  OAB  :  pressure  on  CA B= x2 :  1C-. 

.*.  if  0  be  the  point  required, 

x2  =  lh2    or    x  =  h/j3. 

12.  Let  AD=x. 

Then  pressure  on  ABD  :  pressure  on  ABC=x2 :  b2'9 

.'.  x2  =  \b\ 
And  AD\  DC=x:b-x  =  l:j2-l. 

13.  Let  x  inches  be  the  side  of  the  square,  2iv,  3w  the  intrinsic 
weights  of  the  two  fluids. 

The  pressure  on  the  part  in  the  lighter  fluid 
=  2w.2Ax=l6wx. 

That  on  the  lower  part  =  1 2w .  4  +  Zw .  — —  \x(x-  4). 

These  being  equal,  we  obtain 

#=£(1±V10). 
The  upper  sign  must  be  taken,  since  x  is  essentially  positive. 

14.  Let  p  be  the  perimeter  of  the  cylinder,  h  the  depth  of  each 
fluid. 

The  fluid  pressures  on  the  three  portions  are  as 

\.ph  :  (*+*.|}jri  :  (/i  +  2h  +  3^Pk; 
.'.  these  pressures  are  as  1  :  4  :  0. 

15.  Let,  a,  7r-a,  be  the  angles  subtended  at  the  centre  of  the  tube 
by  the  two  portions  of  fluid,  p,  p  their  densities,  a  the  radius  of  the 
circular  tube,  6  the  inclination  to  the  vertical  of  the  bounding  diameter. 
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The  two  expressions  for  the  pressure  at  the  common  surface  are  in 
the  ratio  of 

p  [a  cos  0  —  a  cos  (0  +  a)], 

and  p'[-acos(0-f-a)-acos0]. 

Equating  these  we  find 

tan0=cota  +  J-^±£. 
sin  a  p -p 

16.     Let  h  be  the  length  of  the  cylinder,  A  its  sectional  area, 

=  —  0.  the  inclina 
I 

weight  of  the  fluid. 


0,  q—0,  the  inclinations  of  the  axis  to  the  vertical,  w  the  intrinsic 

A 


P—wA.hcoaB, 
P'  =  w A  .  h  sin  0 ; 
.-.  [P2 + P'2f = whA = weight  of  fluid  displaced. 

17.     Let  w  be  the  intrinsic  weight  of  the  fluid,  r  the  radius  of  the 
cylinder  .*.  2r  the  depth  of  fluid. 

Pressure  on  curved  surface  =  w .  2nr  ,2r.r=4:W.  nr3. 

Let  h  be  the  distance  of  the  centre  of  the  sphere  from  the  base. 

2  8 

5  7rr3+7rr2.2r=7rr2.A        /.  h=^r. 
o  o 

One  eighth  of  the  sphere's  weight  is  supported  by  the  displacement 

of  fluid,  the  rest  by  pressure  on  the  surface  of  the  fluid,  which  is  there- 

7         4  14  14 

fore  -  4w .  -  nr3^  —  wnr3  or  -^  wr  per  unit  of  area. 

O  a  o  O 

.'.  Pressure  on  curved  surface  is 


[14  4  ~1  8r 

—  wr+w.-r    27jt.  — =32v;7ir3. 


The  increase  =  28w7rr3  or  seven  times  the  original  pressure  or  21 
times  the  weight  of  the  fluid. 

18.     Let  p,  p',  p"  be  the  three  densities, 

x,  y  the  depths  of  the  common  surfaces. 
Then  px=p"y-  p' '{y-%\ 

or  (p-p)%={p"-p')y> 

.'.  p-p'  and  p"  —  p'  are  of  the  same  sign. 
And  if  y>x,  p"-p'<p-p''y 
.'.  the  order  of  magnitude  is  p.p" , p\ 
And  these  being  in  a. p., 

p-p'  =  2(p"-p'); 
.*.  y  =  2x. 
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19.  Referring  to  Examination  (9),  the  area  whose  c.G.  is  the  centre 
of  pressure  becomes  more  nearly  of  uniform  density  as  the  plane  area 
is  lowered.  Hence  its  e.g.  approaches  and  ultimately  coincides  with 
that  of  the  area  of  uniform  density. 

20.  The  whole  pressure  on  the  area  is  originally  w .  7JT3.  This  is 
increased  by  a  pressure  wr  per  unit  area  uniformly  distributed,  the 
resultant  being  therefore  wirr3  at  the  centre. 

The  two  equal  forces  at  the  centre  of  pressure  and  centre  of  figure 
have  a  resultant  whose  line  of  action  bisects  the  line  joining  these  two 
points. 

21.  Let  x  be  the  distance  of  the  centre  of  pressure  from  the  centre 
of  the  square. 

The  old  pressure  being  -  wa3  at  a  depth  ^  below  the  centre,  and  the 
A  o 

increase  of  pressure  being  wa2b  we  have 

-  wa3+wa2b    x=  -  wa3 .  - 
w  =  a2/(Ga  +  Wb). 

22.  Produce  A B,  DC  to  meet  in  E. 

Let  DE=ha  and  .-.  CE=hR. 

R    Pfih  R 

Pressure  on  ECB=w .  ^  .  ^r- ,  and  depth  of  centre  of  pressure =^ . 

Pressure  on  EDA  =w.-.  —  ,  and  depth  of  centre  of  pressure =^ . 
.*.  depth  of  centre  of  pressure  of  ABGD 
a3  «_33   R 

"       a3- (3*  *V      a2  +  a/3+/32      )' 

23.  Let  x  be  the  height  of  the  lower  portion,  h  that  of  the  triangle, 
w  the  intrinsic  weight  of  water. 

The  areas  are  as  x2  :  h2. 

The  depth  of  the  c.  g.  of  the  upper  portion  is 

h 


Xlh    *+3j     ,    h3-3hx2+2x* 


h2-x2  5>        h2~x2 


The  pressure  on  it  is  %w(h3-3hx2+2x3). 
That  on  the  lower  portion  is 


<[  (h  -  x)  +  U*lx2=iwx2  (3h +  llx). 
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Equating  these  we  obtain 

(A  -  3#)  (A2  +  3/u?  +  3^2)  =  0. 

The  real  root  x=-  gives  the  solution  of  the  present  problem. 
3 

/.  the  areas  of  the  two  portions  are  as 

fr^-afi  :**=&:  1. 

24.  Let  2h  be  the  height  of  the  floodgate,  b  its  width,  P,  p  the 
pressures  at  the  upper  and  lower  corners. 

2  (P+p)  =  wh.2hb-w.^.hb  =  %ioh% 

2p.2h=wh.2hb.^-w^.hb.^^lw7M', 
3  2i  3 

,\  p=^wh2b. 

25.  Let  p .  p'  be  the  densities,  h  the  depth  of  each  liquid. 
Then  Zp.-^ph  +  p'^', 

.'.  p=p'. 

26.  The  area  of  the  curved  surface  =  2tjt2,  r  being  the  radius.     Its 

T 

e.g.  is  at  a  depth  s. 

s 

.*.  whole  pressure  on  it  =  W7ir3. 

Area  of  base  =  7rr2  and  pressure  per  unit  area  on  it  is  wry  .'.  whole 
pressure  =  wnri= that  on  the  curved  surface. 

27.  Let  a  be  the  length  of  a  side  of  the  square,  and  let  the  two 
lower  sides  be  produced  to  meet  the  surface  of  the  liquid. 

The  area  of  the  triangle  so  formed  is  2a2  and  its  centre  of  pressure 
is  at  a  depth  a\*]%  the  whole  pressure  being 

a  2   \/2a     2x/2      , 
w .  2a2 .  — —  =  -—-  wa\ 
3  3 

Each  of  the  two  triangles  added  is  of  area  a2/2  and  has  the  centre  of 

pressure  at  a  depth  a/2s/2,  the  whole  pressure  on  each  being  -— -=-  wa\ 

D\/2 

If  x  be  the  depth  of  the  centre  of  pressure  of  the  square, 
1  1,2 


EXAMPLES.  15 

7^/2 

=  —  diagonal  of  square. 

28.  All  the  pressures  on  the  curved  surface  of  the  cone  are  inclined 
at  the  same  angle  a  to  the  horizontal,  a  being  the  semi-vertical  angle  of 
the  cone. 

If  therefore  P  be  the  whole  pressure,  its  vertical  component  is 
P  sin  a,  and  this  is  the  resultant  pressure. 

It  is  therefore  equal  to  the  weight  of  the  liquid  which  would  fill  the 
space  between  the  cone  and  a  cylinder  on  the  same  base  with  vertical 
generating  lines. 

This  weight  is  unaltered  by  mixing  up  the  fluid  and  ,\  P  is  un- 
altered by  this  process. 

29.  If  AB  be  the  side  in  the  surface  CD  the  parallel  side,  by 
drawing  one  diagonal  as  AC  we  separate  the  trapezium  into  two  tri- 
angles the  centres  of  pressure  on  which  are  at  depths 

|  (for  ABC)  and  ^  (for  ACD). 
The  whole  pressures  on  them  are  ^  w .  ah2  and  -  wbh2. 

O  o 

If  x  be  the  depth  of  the  centre  of  pressure  of  the  trapezium,  we  have 

3h 


x    -  wah2  +  ~wbh2    =  -  wall2 .  -  +  ^ 


p~P-j 


2x(a  +  2b)  =  (a  +  3b)h 
a  +  Sb   h 

30.     Let  x  be  the  depth  of  the  plane  of  division  h  the  height  of  the 
cone,  2a  the  vertical  angle. 

Whole  pressure  on  curved  surface  of  cone 

2A     2 
=w .  ivh2  tan  a  sec  a .  —  =  -  wnh3  tan  a  sec  a. 
o       3 

On  the  upper  part  it  is  §  wirx*  tan  a  sec  a. 

,\  #3= -A3  or  x=hll/2. 

In  the  second  case,  z  being  the  distance  from  the  vertex  of  the  plane 
of  division, 
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Whole  pressure  on  curved  surface  of  cone 

=  w .  nh2  ti 
Pressure  on  lower  part 


=  w .  nh2  tan  a  sec  a .  5  =  -  Wnh3  tan  a  sec  a. 
o      o 


=  w.nz2  tan  a  sec  a.  (  h  -  —  J . 

,.*(*-§.)-J* 

%?-Zz2h-\h?=Q. 

{2z-h)(z2-zh  +  ^)=0. 

.*.  z=~  the  other  values  being  imaginary. 

31.  Let  a  be  the  radius  of  the  tube,  <olt  a>2,  <o3,  the  intrinsic  weights 
of  the  fluids,  pa,  jt?g,  ©  the  pressures  at  the  three  surfaces  of  separa- 
tion. 

These  surfaces  are  at  heights  above  the  centre  acosa,  acos/3,  acosy 
respectively, 

Pp  —pa  —  to3a  (cos  a  -  cos  /3) 

p  -pp  =  (oxa  (cos  j8  -  cos  y) 

i>a  -  j°y = »2a  (cos  y  -  cos  a)- 

Adding,  and  remembering  that  a>1}  oo2,  &>3  are  proportional  to  p1?  p2,  P3 
we  obtain 

Pi  (COS  j3  —  COS  y )  +  p2  (COS  y  -  COS  a)  +  p3  (COS  a  -  COS  0)  =  0. 

If  there  are  equal  quantities  of  each  fluid,  and  a  refers  to  the 
highest  point  of  junction 

/3-a  =  120°,     y  +  a=120°. 

And  the  weights  on  each  side  of  the  vertical  diameter  are  equal, 

p2a+p3.120°+p1(60<>-a) 

=p2(120°-a)-fp1(60°+a) 
or  (P2-P3)60°=(P2-Pi)a- 

And  the  former  equation  gives 

Pl  sin  a+p2  sin  (60°  -a)-p3  sin  (60°  +  a) = 0. 
If  a =30°  both  equations  are  satisfied  and  P!+P2=2p3  so  that 

Pi  J  P3>  P2J  f°rm  an  A-  p« 
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32.  Let  a,  6,  c  be  the  breadths  of  the  sides  of  the  prism,  8,  e,  £  the 
depths  of  the  edges. 

Pis  proportional  to  «^-^,  i.e.  to  siria^-^, 
A  A 

Q  to  sin  /3.  ~— ,     jRtosiriy— — . 

A  A 

.'.  P  cosec  a  +  Q  cosec  /3  +  R  cosec  y  is  proportional  to  5  +  «  +  £,  which 
being  three  times  the  depth  of  the  e.g.  of  the  prism  remains  unchanged. 

33.  Let  a  be  the  length  of  the  edge  of  the  cube, 
h  the  depth  of  the  fluid  in  it, 

W  the  weight  of  a  side,  w  the  intrinsic  weight  of  the  fluid. 
The  width  of  the  surface  of  the  fluid  =  a  -  h  ; 

.*.  the  volume  of  the  fluid  =  ah . —  =\ah  (2a  —  A). 

A 

Since  this=£a3,  h=a  ( 1 — j~\ . 

The  pressure  on  the  loose  face  is  w  .  - .  «A>/2. 

Its  moment  about  the  hinge  =  w  -^  .  -1)" . 

*J A         o 

Cb 

The  moment  of  the  weight  of  the  face  =  W .  -—-.    . 

AsjA 

Equating  these  and  inserting  the  value  of  h, 
i^-3  =  i(V2-D3=i(V2-7). 

34.  Let  the  box  be  tilted  through  an  angle  6. 

(i)    About  the  edge  on  the  same  side  as  the  hinge. 

Pressure  on  lid=«\  — - —  .  a2. 

A 

Its  moment  about  the  hinge =w>.  — = —  .  — . 

A  3 

Moment  of  weight  of  lid  about  hinge  =  W. — - —  ; 

A 

w 

,'.  when  tan  0=§  — m3  the  water  begins  to  escape, 
(ii)     About  the  edge  diagonally  opposite  to  the  hinge. 

Moment  of  fluid  pressure  about  hinge  =  w.  — ^—  .  -  ; 

A  o 

w 

,\  when  tan  8  =  3 .  — ^  the  water  begins  to  escape. 

B.  E.  H.  2 
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(iii)    About  either  of  the  other  edges. 
Moment  of  fluid  pressure  about  hinge=w. 


2       '  2" 


Moment  of  weight  about  hinge  =  TFcos  0 .  = . 


W 

.*.  When  tan  6  =  2  — -3  the  water  begins  to  escape. 

These  values  of  tan  6  are  as  3  :  6  :  4. 

35.  The  volume  of  the  wine  =  §  x  }f  =  -^  that  of  the  water. 

mi     a       •*      eix.       •  l  8.11  +  11.12     220 

The  density  of  the  mixture  = =  -^-, 

o  +  ii  iy 

Taking  the  density  of  water  as  12, 

The  depth  of  pure  wine= ■■■■£§  of  the  cylinder, 

That  of  the  mixture =^  of  the  cylinder,  and  of  water,  J|  of  the 
cylinder, 

The  pressure  on  the  curved  surface  in  contact  with  the  water  is 
proportional  to 

(iixA+W.J+ia.H)**. 

That  on  the  rest  of  the  surface  is  proportional  to 

And  these  two  quantities  are  equal. 

36.  Let  A  be  the  area  of  the  fluid  surface,  h  the  depth  of  the 
vertex  below  that  surface  in  the  first  case. 

The  area  of  surface  in  contact  with  fluid  is  — ; . 

sin  a 

-™   .,  .  h    A  cos  6 

.',  Fluid  pressure  on  it  =  w  -  .  — : . 

r  3       sin  a 

Let  A'  be  the  area  of  the  fluid  surface,  h  the  depth  of  the  fluid  when 
the  cone  is  vertical. 

k     A' 

The  fluid  pressure  =  w .  -  .  -: —  . 
3    sin  a 

But  A' .  h—A  .  h  since  the  volume  of  fluid  is  the  same. 

.*.  The  pressure  is  changed  in  the  ratio  cos  0:1. 

37.  The  resultant  pressure  on  the  curved  surface  is  due  to  the 
weight  of  the  fluid  and  the  upward  pressure  of  the  base,  which  are  equal 
and  opposite  parallel  forces  of  magnitude  TF,  and  the  distance  between 
their  lines  of  action  is  %h  tan  a. 
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Examination, 

5.    The  c.  g.  of  the  two  weights  must  be  at  the  middle  of  the  plank. 

7.  One-third  of  the  cylinder  must  be  immersed  ; 

.*.  its  length  is  12  feet. 

8.  The  specific  gravities  of  the  fluids  are  respectively  £  and  f  that 
of  the  solid,  and  are  .*.  as  16  :  15. 

9.  In  each  case  the  force  is  equal  to  the  weight  of  the  water 
displaced  by  six  inches  of  the  cylinder,  i.e.  by  one-third  of  its  own 
weight. 

10.  One-half  the  perimeter  of  the  triangle  must  be  immersed,  i.e. 
3/4  of  each  of  the  two  lower  sides. 

12.  One-half  the  sphere  is  immersed,  equilibrium  being  established 
with  the  nail  at  the  highest  point  (unstable)  or  at  the  lowest  point 
(stable). 

13.  The  density  of  ice  being  about  nine-tenths  of  the  density  of 
water,  it  is  clear  that  the  centre  of  the  sphere  is  below  the  surface  of 
the  water. 

Assuming  that  the  spherical  form  is  maintained,  the  sphere  will 
melt  down  to  a  particle  in  the  surface.  The  centre  of  the  sphere  there- 
fore rises. 

14.  If  x  cubic  feet  be  the  required  volume  : 
Volume  of  water  displaced  =  4 +%  cubic  feet. 

.-.  4+.r=4.£+#.  £. 
.-.  x=k. 

15.  The  pressure  is  that  of  the  wood  and  superincumbent  volume 
of  water,  which  is  of  equal  volume  with  the  wood. 

16.  The  water  will  flow  from  that  vessel  in  which  the  pressure  at 
the  base  is  the  greater,  and  in  order  that  the  equilibrium  may  not  be 
disturbed,  the  heights  of  the  liquids  must  be  inversely  as  their  intrinsic 
weights. 

2—2 
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17.     Let  V,  V,  be  the  volumes,  o-,  a  their  specific  gravities,  s  the 
sp.  gr.  of  water. 

The  weights  of  the  two  bodies  in  water  being  equal 

F(o--s)=F'(o-'-s), 

V      </-s 
or  -Tr,  — . 


Examples. 

1.  The  volume  immersed  is  equal  to  that  not  immersed,  and  the 
c.  g.  of  the  part  immersed  coincides  with  that  of  the  fluid  displaced,  so 
that  the  c.  g.'s  of  the  two  halves  are  in  a  vertical  line.  Hence,  if 
inverted,  the  solid  will  float  in  equilibrium. 

2.  Let  the  volume  of  the  granite  be  x  cubic  yards. 

•918(l-^)  +  2-65^=f|  =  -92. 
•"•  x—%\-§* 

3.  Half  the  area  of  the  triangle  must  be  immersed. 

.'.  The  altitude  is  divided  by  the  surface  of  the  liquid  in  the  ratio 
1:^2-1. 

4.  Half  the  volume  of  the  cone  being  immersed  in  each  case,  the 
portions  of  the  axis  immersed  are  in  the  ratio 

1:^2-1. 

5.  Let  w  be  the  weight  of  the  body. 

Then  w  -  u\  :  w  —  w2 :  w—  w3 : :  st :  s2 :  s3» 

/.  Wx  (S2  -  S3)  +  W2  (*3  -  Sj)  +  w3  (s1  -  s2)  =  0. 

6.  \  of  AB  is  above  the  surface  and  .*.  £  of  the  triangle. 

If  its  density  be  p,  and  that  of  the  liquid  unity,  taking  moments 
about  A  of  the  weight  of  the  lamina  and  of  the  displaced  fluid 

7.  Let  h  be  the  depth  of  the  upper  liquid,  x  the  length  of  the 
cylinder  in  the  lower  liquid,  .'.  2h-x  that  in  the  upper. 

-£.2h  =  (2h-x)p  +  x.2p, 

giving  x=%h,  i.e.  one-quarter  of  the  cylinder  is  in  the  upper  liquid. 
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8.  The  c.  g.  of  the  weighted  rod  is  one-third  of  its  length  from  the 
weighted  end. 

.-.  The  c.  g.  of  the  displaced  liquid  is  at  this  point. 

.'.  Two-thirds  of  the  length  of  the  rod  is  immersed  and  the  density 
of  the  liquid  =  §  density  of  weighted  rod  =  2  that  of  the  wood. 

9.  Let  U  be  the  volume  not  immersed,  V  the  volume  immersed,  s 
the  sp.  gr. 

Then  Us  is  given  and  ( U+  V)  s=  Fx  1 ; 

...   tf+Foci-K—  oc  -L, 

S        1-5        S-S*' 

which  is  least  when  s=£. 

10.  Weight  of  water  to  be  displaced  is  that  of 

9    9    1000     375tt 
7r'4-2T728  =  -6^OZS- 

»•.  The  required  weight  =  (  — — 8 )  ozs.  wt. 

11.  Evidently  one-half  that  in  the  previous  example. 

12.  The  c.  g.  of  the  weighted  rod,  and  .*.  of  the  displaced  fluid,  is 
one-quarter  the  length  of  the  rod  from  the  weighted  end. 

.*.  One-half  the  rod  is  immersed. 

.•.  The  weight  of  fluid  displaced  by  half  the  rod  is  double  the  weight 
of  the  rod. 

.*.  The  density  of  the  fluid  is  four  times  that  of  the  rod. 

13.  The  tension  of  the  string  =  weight  of  rod -weight  of  water 
displaced,  and  is  therefore  not  changed  when  the  inclination  is 
changed. 

14.  Let  r,  /  be  the  internal  and  external  radii,  <r,  p  the  densities 
of  the  shell  and  of  water. 

l7r(r'3_r3)0.=  |7rr'3^ 

.'.  a-  :p  =  /3  :  2(r'3-r3). 

15.  Let  w,  v/  be  the  weights  of  the  cone  and  of  the  displaced  fluid. 
w  —  vf  is  the  magnitude  of  the  required  force. 

If  x  be  the  distance  of  its  line  of  action  from  the  c.  g.  of  the  solid 
cone, 

(w-u/)x=w^-h--hj=w  —  .- 

_     w       h 
w  —  v/  12  * 
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16.  £f  of  the  volume  of  the  cone  being  immersed,  ^f  of  it  is  above 
the  surface,  i.e.  |  of  the  axis  is  above  the  surface. 

17.  Let  o-,  p,  be  the  intrinsic  weights  of  the  lamina  and  fluid,  2  A 
the  area  of  the  lamina,  w  the  weight  attached. 

BD  being  the  perpendicular  from  B  on  AC,  let  AC=d,  AD=x. 

w  +  2A(T  =  Ap. 

The  distance  of  A  from  the  vertical  through  the  c.  g.  of  the  half 
immersed  is 

3L   2  J' 

.     x+d  _  .       d 

.♦.  Ap.  —^-  =  wx  +  2Ao-  .  g. 

.*.  p  =  3o\ 

18.  Let  o-,  p,  be  the  intrinsic  weights  of  paraboloid  and  liquid,  h 
the  height  of  the  paraboloid,  x  that  of  the  portion  immersed.  Area  of 
base  of  paraboloid  varies  as  the  height. 

,\  px2  =  ah2 


or 


*-ks/y 


19.  Let  Whs  the  weight  of  ship  and  cargo,  in  tons  wt. 
V  the  volume  immersed,  in  cubic  feet. 

A  the  area  of  the  water  line  section,  in  square  feet. 
„  __r,  Jr    62-5   '  ._     („     A\  625 

^•24-2240=4a 
Eliminating  A  and  Fwe  obtain  Tf=2186f. 

20.  Let  2k  be  the  height  of  the  required  cylinder. 
Half  of  it  being  immersed, 

7r(r2-S2)k=%7rr2.h-7rr2(h-k). 
.    o^_r2    h 

21.  The  pressure  on  the  lower  half  of  the  curved  surface  is  vertical, 
and  bears  to  the  weight  of  the  water  in  the  cylinder  the  ratio, 

1-+*f:»f^i  +  ;:Jl 
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since  it  is  in  equilibrium  with  the  weight  of  the  water  in  the  lower  half 
and  the  pressures  on  the  horizontal  plane  separating  the  two  halves. 
The  latter  pressure  is  that  due  to  a  depth  r  of  water  all  over  the  surface 
of  separation.  When  the  cylinder  is  vertical,  the  pressure  on  one-half 
the  curved  surface  is  horizontal  and  balances  the  pressure  on  the 
diametral  plane.  It  acts  .\  at  a  point  in  the  axis  §  of  its  length 
from  the  top,  and  is  to  the  weight  of  the  water  contained  in  the 
cylinder  as  twice  the  height  to  the  perimeter. 

22.  The  greatest  height  is  when  the  c.  g.  of  the  whole  solid 
coincides  with  the  centre  of  the  hemisphere. 

h  being  the  height  of  the  cylinder,  r  its  radius 

27    h     2      .    Zr 

|rfSA._  =  .frf8.T, 

.-.  A  =  r/V2. 

23.  Let  V  be  the  whole  volume  of  the  body. 

o-,  p,  the  intrinsic  weights  of  the  body  and  fluid. 

ro-=p1p1+(r-p1)p=p2p2+(F-p2)p=p3p3-f(F-/>3)p. 

.     P2~P3    |    P3~"Pl    1    PlyrPi_(\ 

•  •    pl   +  P2    +  P3   -a 

24.  The  volume  of  water  displaced  by  box  and  float  is  5 -34  cub.  ins. 
The  weight  of  the  float  is  equal  to  that  of  2-17  cub.  ins.  of  water, 
therefore  that  of  the  box  is  equal  to  that  of  3'17  cub.  ins.  of  water. 

The  volume  of  metal  is 

l-(f)3  =  ?|£cub.in. 
.'.  Its  sp.  gr.  is  3-l7-j-fi£  =  10'557... 

25.  Let  A  square  feet  be  the  area  of  the  section  in  the  neighbour- 
hood of  the  water  line,  V  the  volume  immersed  at  first,  and  x  the  rise 
in  feet  in  passing  from  fresh  to  sea  water. 

and  600=(2-*)|^. 

It  will  be  found  from  these  equations  that 

tf=i~,  and    IF=5720. 

oo4 
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26.  Volume  of  frustum  =  f  that  of  complete  cono. 
Volume  of  part  immersed  =  f£- J =££-  that  of  cone. 
,*.  Density  of  cone  :  that  of  fluid  =  19  :  56. 

27.  Expressing  the  same  condition  as  in  (22), 

1      9   ,    h     2      „    3r 

28.  o-,  p,  being  intrinsic  weights  of  rods  and  fluid. 
a  the  length  of  each  rod,  a  the  sectional  area. 
Moment  of  fluid  pressures  about  hinge 


1  (a       a      2  \      aap fa      1       av/5\ 


a 

31 


Moment  of  weight  of  rods  about  hinge 


/  1     ,    2\  asfb       2       . 

(o~7k  +  75    +aa(7'  -^-=a  «o"V5. 


/.  o-:p  =  31  :40. 

29.  Let  the  surface  of  the  fluid  meet  AG  in  2). 

Since  the  pressures  of  the  fluid  and  the  weight  of  the  triangle  act 
vertically  through  the  c.  g.'s  of  BOB,  BA  G  respectively,  these  c.  g.'s  are 
in  a  vertical  line.     .*.  AG  is  vertical,  and  .*.  perpendicular  to  BD. 

And  density  of  fluid  :  density  of  triangle 

=  AG  :  GI)  =  AG:GB  cos  G=sinB:  sin  A  cosC. 

30.  Since  all  the  pressures  on  the  curved  surface  make  the  same 
angle  with  the  vertical,  the  whole  pressure  and  the  resultant  pressure 
are  proportional. 

Now  the  resultant  pressure  is  the  weight  of  the  cone,  .'.  the  whole 
pressure  is  constant. 

31.  Let  <r,  p,  p',  be  the  intrinsic  weights  of  the  solid  and  of  the  two 
fluids,  h  the  height  of  the  cylinder,  x  the  length  of  it  in  the  lower  fluid. 

(h  —  x)p+xp'  =  her, 

7     <r  —  p 
p-p 
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If  p  be  increased,  x  is  diminished,  i.e.  the  cylinder  rises.  If  x 
becomes  x  +  8,  the  upward  pressure  on  the  cylinder  is  proportional  to 

(h- x-  8)  p  +  (x  +  b)  p  =h<r  +  8  (p  - p), 

i.e.  such  as  to  urge  the  cylinder  back  towards  equilibrium.     .*.  the 
equilibrium  is  stable. 

32.  Let  the  surface  of  the  fluid  intersect  the  rods  in  D,  E. 

Let  P  be  the  stress  at  B  in  a  vertical  direction,  cr,  p,  the  intrinsic 
weights  of  the  rods  and  fluid. 

Then  P+p.CE=a.BC. 

And,  taking  moments  about  B  for  the  rod  BO, 

.\  p  :  <r=BC  :  CE (\+B^\  =  BC2 :  BC2- BE\ 

D       BE.  CE 
P=p-BC~' 
Taking  moments  about  A  for  the  rod  AB} 

P.BA  +  a.BA.^=P.AD.^. 

Whence  AD2=  CE{ZBE+  BC), 

and  AD'i:AB2=3--2  +  2x/l--. 

p  v         P 

This  being  less  than  unity 

o- :  p  <  5  :  9. 

Instead  of  introducing  the  stress  at  B,  we  might  have  taken 
moments  about  A  for  the  equilibrium  of  the  system,  and  about  B 
for  the  rod  BC. 

33.  Let  the  side  A  C  be  divided  in  the  ratio  x  :  1  -  x,  by  the  surface 
of  the  fluid  in  the  first  position. 

Then  <r=(l-x)2. 

In  the  second  position  the  area  immersed  is  l-x2  times  that  of  the 
triangle. 

.,'.  The  pressure  on  the  hinge  =  weight  of  displaced  fluid-  W 


{(l-x)2    V 


w 


,2JF  W* 
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34.  It  is  only  necessary  that  the  upward  pressure  due  to  these  two 
liquids  should  be  unaltered  in  amount  and  line  of  action. 

This  requires  that  the  c.  g.  of  these  two  portions  should  be  in  a 
vertical  line  and  that  their  sp.  grs.  should  be  such  that  their  combined 
weights  may  be  equal  to  that  of  the  water  which  is  to  replace  one  of 
them. 

If  the  sp.  gr.  of  the  solid  be  alterable,  the  latter  condition  need  not 
be  satisfied,  since  a  reduction  or  increase  of  its  total  weight  will  effect 
the  necessary  adjustment  of  the  balancing  forces. 

Let  the  fraction  x  of  the  iron  float  in  the  lighter,  and  therefore  1  -  x 
in  the  heavier  liquid.     We  have  then 

•&»  + 13-6  (l-#)  =  7*8, 
•\  5-8  =  12-80?, 

X  =  ZQ. 
^       64* 

If  s  be  the  required  sp.  gr., 

0.x  +  l—x  =  sf 

Ratio  of  parts  immersed  =  29  :  35. 

35.  The  weight  of  fluid  displaced  by  half  the  cone  is  equal  to  its 
own  weight,  and  the  c.  g.  of  the  displaced  fluid  is  vertically  below  that 
of  the  cone. 

Let  r  be  the  radius  of  the  base,  2a  the  vertical  angle  of  the  cone. 

The  whole  pressure  on  the  curved  surface  immersed  is 

1  4r      2 

w .  pr  7rr2  cosec  a  .  —  =  -  w .  r3  cosec  a. 
A  Sir      6 

4r 
Hence  the  c.  g.  of  the  curved  surface  is  at  a  depth  — . 

The  pressure  on  the  half  of  the  flat  end  which  is  immersed  is 

36.  Let  r  be  the  radius  of  the  base. 
The  pressure  on  it  is         w .  nr2 .  r  cos  a. 

The  horizontal  and  vertical  components  of  this  are 
w.nr3.  cos2 a,     w .  nr3  sin  a .  cos  a. 

Hence  the  horizontal  and  vertical  components  of  the  resultant 
pressure  on  the  curved  surface  are 

w .  7jr3  cos2  a  and  ^w .  nr3  cota-w.  irr3  sin  a  .  cos  a. 

i  cot  a  -  sin  a  .  cos  a    ,       „     _ 

,\  B . .tan 0=1 

cos2  a 

or  (1-3  sin2  a)  tan  6 = 3  sin  a  .  cos  a. 
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37.  The  pressure  on  the  vertical  dividing  plane  is 

w.nr2.r  =  wnr3. 

This  is  the  horizontal  component  of  the  resultant  pressure  on  half 
the  curved  surface. 

All  the  pressures  pass  through  the  centre,  and  therefore  the  resultant 
does  so  likewise. 

It  acts  by  symmetry  in  a  plane  perpendicular  to  the  dividing  plane. 

Its  vertical  component  is  fwn-r3. 

.*.  It  makes  an  angle  tan-1 §  with  the  vertical. 

Its  magnitude  is 

*L_.W7rr3=^L_  x  weight  of  liquid  in  sphere. 

38.  Using  the  result  just  obtained,  the  moment  of  the  resultant 
pressure  on  one-half  about  the  hinge  is 

If  T  be  the  tension  of  the  string 

•\  T=\w-nr2  = |  weight  of  liquid. 

39.  The  pressure  on  the  plane  face  is  w .  h'2  tan  a .  h'/S  =  \wh'3  tan  a 
and  acts  at  a  point  on  the  axis  at  depth  A'/2. 

The  resultant  vertical  pressure  on  the  curved  surface  is 

W .  ^irh'z  tan2  a. 

,\  Moment  about  hinge  of  pressure  on  immersed  surface 

=  -  wk/i'3  tan2  a . h  ~  wh'3  tan  a .  -= 

o  ir  3  2 

=  -  wh'*  tan  a .  sec2  a. 
o 

If  this  exceed  -  wnh'3  tan2  a . the  parts  will  not  separate,  this 

quantity  being  the  moment  of  the  weight  of  half  the  cone, 
i.e.  if  h!  sec2  a  >  h  tan2  o 

or  h'  >  h  sin2  a. 

40.  (Tf-P)2-f  Q2  is  the  square  of  the  resultant  pressure  on  the 
circular  base,  which  is  constant  so  long  as  its  centre  remains  unmoved. 
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41.     Let  h  be  the  height  of  the  cone,  r  the  radius  of  the  base. 

The  resultant  vertical  pressure  on  the  horizontal  section  through 
the  axis  is  whr2. 

The  weight  of  the  contained  fluid 

=-\w .  \h.  IT?'2. 

.'.  The  resultant  vertical  pressure  on  the  upper  half  of  the  curved 

surface 

/3      1 
=  (weight  of  fluid  in  cone)  (  — 


42.  Let  a  be  the  inclination  of  the  axis  to  the  vertical,  h  its  length, 
A  the  sectional  area,  W  the  weight  of  the  fluid  displaced. 

Difference  of  pressure  on  ends 

—  w.h  cos  a  .  A  =  IF  cos  a. 

Resultant  horizontal  pressure  on  the  curved  surface 

=  W  sin  a  cos  a. 

.•.  Resultant  vertical  pressure  on  the  curved  surface 

=  IF  sin2  a. 

.'.  The  resultant  is  inclined  to  the  vertical  at  an  angle 

2~"' 
as  is  evident,  since  every  part  of  it  is  perpendicular  to  the  axis. 

43.  Volume  not  immersed  :  volume  of  cone 

=  1  :  2^2  =  1  :  (s/2)3. 

Let  ABC  be  a  principal  section  of  the  cone,  A  the  vertex,  B  being 
in  the  surface,  ABC  being  an  equilateral  triangle. 

Since  the  c.  g.'s  of  the  whole  cone  and  of  the  uniinmersed  portion 
are  in  a  vertical  line,  AG  is  vertical. 

The  volume  of  the  unimmersed  portion 

=  ~-j^  .  -=  x  that  of  the  whole  cone, 
since  the  area  of  the  section  perpendicular  to  A  C  is 
-^-j9  of  the  base. 

Hence  the  given  condition  is  satisfied. 

44.  If  6  be  the  semi -vertical  angle,  r  the  radius  of  the  base,  h  the 
height, 

2     h  _    7IT2         h 

nr  •4"snll'i2, 
.%  0=svn-1£  =  cosec-13. 
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45.  Let  A  be  the  area  of  the  disc,  r  the  radius  of  the  sphere,  o-  its 
specific  gravity,  h  the  depth  of  water  in  the  vessel. 

Then  Ah  =  ^(l-a). 

If  the  sphere  be  in  contact  with  the  disc  and  only  just  immersed, 
h  =  2r,  and  the  equation  becomes 

^  =  |.7rr2(l-o-). 

46.  The  shifting  of  20  tons  is  a  gain  on  one  side  of  the  moment 
of  40  tons ; 

.  .  9000  h  sin  6 = 40  x  2 1  cos  6, 

10  1 


also  tan 


'20x12      24' 


84 
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Examination. 


.-.B^Z'i,        C=4"§. 

2.  The  required  height  =  x  30  =  72*7  inches  nearly. 

3.  The  pressure  on  each  square  inch  is  1728  times  as  great  as 
before.     .*.  the  pressures  on  a  side  are  as  1  :  12. 

4.  p  =  kp(l  +  at). 

The  volume  is  reduced  to  one-eighth,  and  .*.  the  density  is  increased 
8-fold.  .'.  the  pressure  is  8  (1+  at)  times  as  great.  The  surface  of  the 
smaller  sphere  is  J  that  of  the  larger, 

.*.  the  pressure  on  it  is  2  (1  +  at)  times  that  on  the  larger. 

5.  A  small  aperture  made  at  the  highest  point  of  a  siphon  would 
cause  the  liquid  to  flow  out  of  each  arm. 

6.  The  column  would  be  longer,  as  the  vertical  distance  between 
the  top  and  bottom  of  it  must  remain  the  same. 

C     F-32       .  F+C-32  32 

7.  5=~9~~=-- 14~~  14'  F+C=0' 

.'.F=n°%,      c=  -ii°f. 

8.  It  would  be  impossible  to  employ  a  siphon  for  the  purpose  of 
carrying  fluids  over  heights  exceeding  five-sixths  of  those  for  which  it 
can  ordinarily  be  used  at  the  sea-level. 

9.  (i)  No  effect,  if  the  top  of  the  siphon  is  less  than  30  inches 
above  the  openings  of  the  ends. 

(ii)    The  mercury  flows  out  of  that  end  which  is  the  lower. 

10.  The  pressure  is  increased  or  decreased  by  an  amount  obtained 
by  multiplying  the  area  of  the  surfaces  by  the  increase  or  decrease  of 
the  atmospheric  pressure. 
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11.  The  wood,  since  it  displaces  more  air  and  therefore  experiences 
a  greater  upward  pressure. 

12.  If  the  aperture  be  made  in  the  longer  branch  above  the  level  of 
the  mercury  in  the  shorter  branch,  the  mercury  above  it  will  either  pass 
to  the  closed  end  of  the  tube,  or  if  the  tube  and  hole  be  large,  will  run 
out. 

If  the  hole  be  below  the  surface  of  the  mercury  in  the  shorter  branch, 
some  mercury  will  flow  out  till  the  level  in  the  shorter  branch  is  that  of 
the  aperture,  unless  the  tube  and  aperture  be  large,  in  which  case  the 
mercury  may  not  only  fall  a  little  in  the  longer  arm,  but  may  allow  air 
to  pass  to  the  top  of  the  tube  and  all  that  is  above  the  aperture  may 
run  out. 

If  the  hole  be  made  in  the  shorter  branch,  the  level  falls  in  the 
longer  branch,  till  its  height  above  the  hole  is  equal  to  what  it  was 
previously  above  the  free  surface,  mercury  meanwhile  running  out  till 
the  new  surface  is  on  a  level  with  the  aperture. 

13.  In  each  case  to  admit  air  above  the  surface  of  liquid  in  the 
vessel,  so  that  it  may  more  readily  flow  out. 

14.  Kequired  force = it  .  81 .  \&= 1909  lbs.  nearly. 

15.  At  the  same  level,  since  the  weight  of  the  glass  is  equal  to  that 
of  the  mercury  displaced. 

16.  Not  unless  the  top  of  the  siphon  is  so  near  the  greatest  height 
over  which  it  can  carry  the  liquid  for  which  it  is  being  used,  that  the 
fall  in  the  barometer  reduces  the  possible  height  below  the  actual. 

17.  The  weight  of  the  displaced  air  being  diminished,  the  tension  of 
the  string  will  be  increased. 

18.  The  volume  is  decreased  to  |  of  its  original  value 

.     P  x  5    =  334  x  l 
'''273  +  16     273+50 

5      133     289 

*  =  4X^X323 

=  37^g-  inches  of  mercury. 

19.  Let  V  be  the  volume  of  the  body.     If  its  weight,  w  the  intrinsic 

weight  of  air  when  the  barometric  height  is  A.     .\  -j-tv  when  the  baro- 

metric  height  is  K. 

Then  wV=-  W 

m 
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which  is  the  fraction  of  the  weight  lost  when  the  barometric  height 
is  h'. 

20.  The  liquid  is  of  exactly  one-half  the  sp.  gr.  of  mercury  and 
can  therefore  be  carried  over  double  the  height  by  a  siphon,  i.e.  over 
five  feet. 

21.  The  expansion  is  thirty-fold.  Hence  the  pressure  becomes 
one-thirtieth  or  I  ton  wt.  per  sq.  in. 

22.  At  the  end  of  the  change  of  temperature  the  pressure  has  been 
increased  in  the  ratio  1*3665  to  1. 

The  ratio  of  increase  during  the  second  rise  of  temperature  is 
therefore 

1-3665   :  1-03665 

=  9110  :  6911. 

23.  If  the  volume  of  v  litres  at  0°,  at  the  pressure  due  to  760  mm., 
change  to  V  litres  at  f  to  h.  mm. 

vx760       V.k 


273        273  +  t' 

The  number  of  grammes  is  therefore 

^fL)Vk  =  -0017...Vkl(l+at). 

24.  Height  of  water  barometer 

= 30  x  13-5=405  inches, 

.\  volume  =  ^~  (-0001)  =  -00013. 
405 N  ' 

25.  The  density  of  water  being  62-5,  that  of  air  is  -0013  x  62-5. 

The  pressure  on  a  square  foot  is  the  weight  of  2^  cubic  feet  of 
mercury=2-5  x  13-568  x  62'5  lbs.  wt. 

13-568  x  62-5  x  2-5  =  339200 
...    ic  ^o13  x  62-5       "      13 

=26092  very  nearly. 
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Examples. 

1.  The  volume  is  increased  and  .*.  density  diminished  in  the  ratio 
1  :  n\ 

.*.  the  pressure  is  altered  in  the  ratio  nz  :  l  +  at. 

2.  The  pressure  being  constant,  the  density  varies  inversely  as  the 
absolute  temperature. 

3.  If  A  is  the  area  of  the  piston,  W  its  weight,  h  the  height  of  the 
cylinder,  x  the  height  of  the  piston  in  equilibrium,  n,  n'  the  pressures 
of  the  air  outside  and  inside 

Uh  =  Wx,  and  W = n'A  -  UA. 

4.  Let  W  be  the  weight,  A  the  area  of  the  piston,  2a  the  length  of 
the  cylinder,  x  the  height  above  the  base  at  which  the  piston  is  in 
equilibrium,  p  the  density  of  the  air  when  the  piston  is  in  the  middle. 

If  we  write  kp  A = m  Wt 

the  equation  becomes 

x2  —  2ax + 2ma  (a  —  x)  =  0. 

5.  The  increase  of  pressure  is  kpat  per  unit  area. 

6.  The  pressures  are  as  A  :  h',  and  therefore  the  densities  of  the  air 
are  in  this  ratio. 

7.  Let  n  be  the  external  air-pressure,  W  the  weight  of  the  piston, 
A  its  area,  X  the  modulus  of  elasticity,  a  the  natural  length  of  the 
string,  t  the  increase  of  temperature,  x  the  increase  of  length  of  the 
string. 

Increase  of  pressure  of  air  within 

=    (1  +  at)  —  1    x  original  pressure. 

\_a+x  J 

x 
Increase  of  tension  of  string =X  -. 


And  original  pressure  =  11-4+  W. 

\x      aat  —  X 


(UA+W). 


a        a+x 

8.     Let  x  be  the  fraction  of  the  cylinder  immersed  when  the  air  is 
admitted. 

ff+(l-a?)-0013  =  f. 

The  length  above  the  surface  is  changed  in  the  ratio  *25  :  l  —  x 
=  •9987  :  1. 
B.  E.  H.  3 
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9.  (i)  It  rises  so  long  as  the  density  of  the  air  remains  less  than 
that  of  water. 

(ii)    It  falls. 

10.  Suppose  the  water  to  rise  x  feet. 

15  :  15-^  =  33|  +  15-^  :  33|. 
.-.  4#2-255#+ 900=0. 
The  lesser  root  is  #=3£. 
The  greater  root  is  60,  which  cannot  apply  to  the  present  problem. 

11.  The  hexagonal  base  contains  six  equilateral  triangles,  each 
one-fourth  that  into  which  the  hexagon  is  deformed. 

.•.  The  pressure  is  increased  in  the  ratio  6  :  4,  i.e.  3  :  2. 

12.  The  pressure  must  be  increased  to  8  times  its  former  value, 
i.e.  the  glass  must  be  immersed  to  a  depth  7A,  where  h  is  the  height  of 
the  water  barometer. 

13.  The  increased  pressure  causes  the  air  in  the  envelope  to 
decrease  in  volume. 

14.  Let  a  be  the  depth  to  which  the  original  open  surface  of  the 
mercury  is  lowered,  w,  w'  the  intrinsic  weights  of  water  and  mercury,  k, 
K  the  sectional  areas  of  the  tube. 

If  x  be  the  increase  of  height  of  the  mercury,  x  is  made  up  of  a  rise 
of  Kxj(K+k)  in  the  tube,  and  a  fall  of  Tcxj{K+k)  in  the  reservoir. 


(»§) 


"K 


If  W  be  the  weight  of  barometer  and  tube,   W  the  weight  of  an 
equal  volume  of  water, 

Tension  of  string  =  W  —  W'+     *-  , . 

If  a  be  increased,  x  is  increased,  .'.  tension  is  increased. 

15.     Let  x  be  the  distance  of  the  piston  from  its  former  position 
p  the  density  of  the  atmosphere. 

mi  a  a 

Then  p ■ — p=p  cos  a. 

Whence  x = a  [( 1  +  sec2  af  -  sec  a]. 
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16.  Let  a  be  the  length  of  the  cylinder,  b  the  length  of  it  originally 
immersed,  x  the  height  of  the  water,  n  the  atmospheric  pressure,  h  the 
height  of  the  water-barometer. 

a-b  ^  ,  x  „     ;. 
n  +  Tn  =  n. 

.'.  #*-(a+A)tf+M=0 

determines  the  height  x. 

17.  Let  a  be  the  length  of  each  barometer,  x,  y  the  lengths  of  the 
tubes  occupied  by  the  air  under  a  pressure  equal  to  that  of  a  length  I  of 
mercury. 

a  — a  a-k 

a-h'  a-k!  ' 

h-k      h'-V  .   k-k      h'-V 
''x-y  —  a_jcf      a_jc   'a-h'      a-h* 

supposing  the  temperature  the  same  at  the  two  observations. 

18.  Let  x  cubic  inches  be  the  required  volume. 

The  pressure  is 

32-5  +  ^ 

x  atmospheric  pressure. 


32 


20x32      (32-5+ll" 


273  +  87  273  +  15 

Whence  #= 17*96...  cubic  inches. 

19.     (i)    If  2a  be  the  edge  of  the  cube,  the  radius  of  the  sphere  is 
\/3.a. 

.*.  The  volume  is  decreased  from  4  s/'dira?  to  8a3. 

The  pressure  is  increased  from  p  (say)  to  ^~-  p. 

The  areas  are  12?ra2  and  24a2  respectively. 
.*.  The  whole  pressures  are  I2na2p  and  I2na2p .  «/3 
i.e.  as  1  to  J3. 

(ii)    The  volume  is  decreased  from  8a3  to  -J*  a3. 

The  pressure  is  increased  in  the  ratio  it  :  6. 

The  surfaces  are  24a2  and  47ra2  respectively,  and  therefore  the  whole 
pressures  are  equal. 

3—2 
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20.  Let  the  pressure  be  w  when  the  length  a  of  the  cylinder  is 
occupied.     It  will  be  r  xs  when  the  length  6  is  occupied. 

The  areas  of  surface  are  ap,  bp,  if  p  be  the  perimeter. 

.*.  The  whole  pressure  is  map  in  each  case,  i.e.  it  is  unaltered  by 
moving  the  disc. 

21.  The  formula  z=k\og-r, 

gives  2700 = h  log  ^  =  h  log  — . 

If  x  feet  be  the  altitude  corresponding  to  the  height  21*87  of  the 
barometer 

=3Mog^ 
=  8100  feet. 

22.  If  a  cubic  centimetre  be  the  unit  of  length,  the  density  of  water 
is  unity.     .*.  that  of  air  is  "00129. 

The  pressure  on  one  square  centimetre = the  weight  of  759  cub.  cm. 

of  mercury 

=  75*9  x  13*596  grammes  weight 

=  1031*9364  grammes  weight 

=  •00128992...  x  weight  of  800  kilogrammes, 

which  is  almost  exactly  *00129  the  numerical  value  of  the  density. 

23.  The  absolute  zero  of  Fahrenheit's  scale  is  —  459°*4. 

1728 
The  volume  of  1  lb.  of  air  is     7     cub.  in.  when  the  absolute  tem- 
perature is  521°  4  and  the  pressure  per  sq.  in.  is  the  weight  of  30  cub. 
.        .  30x13*596     fiOKl,         . 

in.  of  mercury  =     "Y728 —  X 

D     30x13*596x62*5x1728 


1728  x  -0763x521-4 
300  x 13596  x  625 


763x5214 


=  640*8  nearly. 


24.     Let  29+ a?  inches  be  the  length  of  the  tube. 

Then  #-*4  measures  the  volume  of  the  air  under  a  pressure  *4 
inches  of  mercury. 


EXAMPLES.  37 

And  x  —  #9  measures  the  volume  under  a  pressure  *5  inches  of 
mercury. 

.\  'Ax-  -16  =  '5x -*45 
29 =x. 
The  pressure  of  the  air  when  2*9  inches  is  occupied  by  it  is 

-^-i  = -  =  -3448...  inches. 

.*.  the  true  reading  when  the  barometer  stands  at  29  inches  is 
29 '345  very  nearly. 

25.  The  pressure  at  all  points  of  the  same  horizontal  plane  must 
be  the  same.  Hence  points  below  the  surface  of  the  water  where  the 
barometer  stands  lowest  will  be  on  the  same  level  as  those  in  the 
surface  where  the  barometer  is  highest. 

In  50  miles  the  barometer  varies  *05  inch  which  corresponds  to  a 
pressure  of  "6784  inch  of  water,  which  is  therefore  the  greatest  rise 
above  the  mean  level. 

26.  We  have  C=X.B  =  \KA. 

Let  x,  y  be  the  lengths  of  the  parts  of  the  tube  of  area  A,  B,  and  let 
z  be  the  length  of  the  upper  part  filled  with  mercury  when  the  middle 
part  is  just  filled  with  glycerine. 

The  equivalent  height  of  the  mercury  barometer  is 

x+ny+z. 

If  z  increase  to  z+u,  a  volume  Cu  of  glycerine  rises  out  of  the 
middle  part  and  therefore  an  equal  volume  of  mercury  enters  it,  filling 

a  length-^ u=\u. 

.'.  Equivalent  height  of  mercury  barometer  is  now 

x  +  \u  +  n(y+u-\u)+z. 

The  change  in  height  of  an  ordinary  barometer  is  thus 

(A+/K-A/u)w 

.*.  the  sensitiveness  is  greater  in  the  ratio 

1   :  A+^-A/z. 

A  similar  calculation  proves  the  same  for  a  fall  of  the  barometer. 
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Examination. 

1.  The  pressure  is  increased  threefold  approximately. 
.*.  the  air  occupies  one-third  of  its  former  volume. 

2.  The  air  will  flow  out,  for  its  pressure  is  equal  to  the  pressure  of 
the  water  within  the  bell,  i.e.  is  greater  than  that  of  the  water  at  the 
top  of  the  bell. 

3.  To  a  height  not  exceeding  that  of  the  mercurial  barometer. 

4.  Area  of  piston  A  =  64  times  that  of  the  plunger  G. 
Pressure  on  plunger  =  4x2  =  8  lbs. 

,\  pressure  on  piston  =  64  x  8  =  512  lbs.  wt. 

5.  .  The  density  is  diminished  by  each  stroke  in  the  ratio  5  :  4. 
Now  (  k  )  =  ]3j| )  i-a  slightly  exceeds  \ 

and  (  k  )  =  poK  »  *-e-  *s  considerably  less  than  J. 

.*.  the  density  is  diminished  one-half  early  in  the  fourth  stroke. 

7.  The  manometer  has  to  register  a  pressure  exceeding  that  of  the 
r.tmosphere  by  three  times. 

.*.  its  length  must  be  not  less  than  §-  x  30  =  45  inches. 
[n'  -  n  =  2w%,  see  Art.  1 1 7.] 

8.  Weight  of  water  discharged  per  minute 
1     5    0    1000      50P0tt. 


■TV 


4    2  16  16 


lbs. 
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9.  Weight  of  water  discharged  per  minute 

7T    3        1000     30007r„ 

since  the  effective  range  of  the  piston  is  only 
33-3l£=f  feet. 

10.  The  exhaustion  is  accompanied  by  cooling  which  is  sometimes 
sufficient  to  cause  condensation  of  the  vapour 

/4\5     1024 

11.  The  density  has  become  (  -  J  =  — —  of  its  original  amount. 

•  '•  oToi  =  '67232  of  the  air  has  been  pumped  out. 
31^5 

12.  The  increased  pressure,  due  to  the  escape  of  carbonic  acid  gas, 
would  drive  out  some  of  the  water  and  .*.  the  displacement  being 
increased  without  increase  of  weight,  the  tension  of  the  rope  would  be 
diminished. 

13.  Let  x  feet  be  occupied  by  air. 

x        33 


5~52+a7, 
x2  +  52#- 165=0, 
(x+55)(x-3)  =  0, 
x=3  as  the  negative  root  cannot  apply  to  this  problem. 

14.  The  float  rises  out  of  the  water  as  the  water  rise's  higher  in  the 
bell,  owing  to  the  increase  of  density  of  the  air  displaced  by  the  upper 
part  of  it. 


Examples. 
P-F 

1.  Weight  of  water  displaced  =  — ^—  x  W=P  —  PfJ 

.'.  the  bell  is  in  equilibrium,  and  as  in  Art.  184  this  equilibrium  is 
unstable. 

2.  After  three  strokes,  the  height  of  the  mercury 

=  (-)  x  30  =  12 1  inches  nearly. 

3.  Let  h  be  the  height  of  the  barometer  in  inches,  x  the  rise  after 
four  strokes. 
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The  pressure  in  the  tube  after  three  strokes  =  that  due  to    a 
column  —  of  mercury.     .*.  pressure  in  receiver  is  due  to  the  column 


%+* 

J 

but 

P 

-i+tj. 

•' 

6^3A* 

5A 
3 

+  3 

"    P 
-X 

=1+4 

15 
5 or 

b-x 

■5* 

15 
15- 

20 

5     20 
~  3  +  3A 

•  • 

h 

1. 

If  h  =  30  inches,  #=6'1  inches  nearly. 

4.     Let  A  be  the  sectional  area  of  the  bell,  and  suppose  the  air  to 
occupy  x+u  feet  when  the  bucket  has  been  drawn  up. 

The  pressure  is  now  increased  from  h+a+x  to  h  +  a+x+u. 

.'.  The  volume  is  decreased  to 

,  h+a+x    Ax~As  (l  -  i-V)  q.  p. 

h  +  a+x+u  \      h  +  a+xj  ^   r 

.* .  Volume  of  water  is 

h  +  a  +  2x 


Wl  +  i    *      )=Au 
\      h+a+x/ 


h  +  a+x 

The  increased  displacement  is  Au,  the  weight  of  which  is 
w    h+a+x 
'  h  +  a  +  2x' 

This  is  the  increase  of  upward  pressure,  but  there  is  an  additional 
weight  W. 

.\  The  tension  of  the  rope  increases  by 

Wx 
h+a  +  Qx' 

5.  The  level  of  the  water  rises  in  the  bell,  and  there  is  therefore 
less  displacement,  so  that  the  tension  is  from  this  cause  increased.  On 
the  other  hand  the  tension  is  diminished  by  the  weight  of  the  man, 
who  is  no  longer  supported  by  the  bell. 

If  we  consider  the  average  intrinsic  weight  of  the  man  to  be  equal 
to  that  of  water,  it  will  be  seen  that  the  tension  is  diminished. 

6.  h  being  the  height  of  the  water-barometer, 

=  h  is  the  depth  to  which  the  bell  is  sunk. 

m  — 1 
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At  the  end  of  one  second  the  depth  is 
m 


h+n  feet, 


the  amount  of  air  to  be  pumped  in 
m 


h+n 
h 


2LJ v-vJi-±)*r. 

m    ,  \      in)  h 


m  — 1 

7.  Let  the  length  of  the  stroke  be  x  feet. 

4a;     33 
10  ~  23 ' 
.*.  #=3£J  =  3  feet  7  inches  about. 

8.  Let  x  be  the  depth  to  which  the  bell  is  immersed,  y  the  depth 
of  water  in  it. 

<rh+p(x-y)  =  <rh'. 

And  =  -r  J 

a-y      h 

hence  x—-{h'-h)+a     ,,    =  I-  +  j-,J  (h'-h). 

9.  Let  a  be  the  length  originally  occupied  by  air, 

h  the  height  of  the  barometer, 

p  the  density  of  the  atmosphere, 

pn  the  density  in  the  receiver  after  n  strokes  of  the  piston, 

x  the  difference  of  height  required. 

a  +  -  is  the  length  now  occupied  by  air, 

,  x  P 

°  +  2 

or  x2  +  2a(x-h)+^  h(2a+x)  =  0. 

P 

10.  Let  V,  v  be  the  volumes  of  the  receiver  and  barrel,  A  the  area, 

w  the  weight  of  the  valve,  n  the  atmospheric  pressure.     The  pressure 

in  the  barrel  when  the  fraction  x  of  the  nth  descent  remains  to  be 

1  /    V   \nl 
accomplished  is  -  (  ^ — )      n. 

If  the  valve  begins  to  open  at  this  point,  this  pressure =wjA ; 
/   v  \"-ini 
-X~\V+v)         w' 
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11.  Let  a  be  the  density  in  the  receiver  at  any  time. 

If  'nr^i+A 

the  two  parts  of  the  barrel  will  never  communicate ; 
.-.  the  limiting  density  is  p  .  (a+A°(^  +  ^ . 

12.  The  density  after  n  strokes  of  the  piston  being  pn,  let  the 
fraction  x  of  the  stroke  be  completed  when  the  valve  opens.     Then 

^{a+b)  pi 


B(l-x)P=BPn; 
A    \n 
A  +  Bj  ' 


!-•-*-(- 


The  pressure  below  the  piston 


—  x  atmospheric  pressure. 


A+Bx  P 
'.  tension  of  piston  rod  :  atmospheric  pressure  on  piston 

A+Bx    \A+BJ 


— 1- 


-1    \a+b)  :1    \a+b)  'A+B' 


Uv     Uv 

■.      T    ~v1+y 

13.  We  must  have  -—  =  ■  ',  n   ; 

t         t+x 

Uv 

since  the  pressure  within  the  bell  is  —  and  v'  is  unchanged, 

x  _  ytf_ 
"  t     Uv' 

AB 

14.  The  pressure =-^79  x  atmospheric  pressure. 

Increase  of  pressure  =  -^  x  atmospheric  pressure. 

/.if  the  pressure  increases  uniformly, 

AC :  GB  increases  uniformly. 

15.  The  pressure  is  doubled  by  20  strokes  of  the  condenser.     It  is 

(20\14 
— -  J     by  14  strokes  of  the  pump. 

(20\14 
—  J    =  -50506...  =  about  £. 

i.e.  the  density  is  approximately  restored  to  its  original  value. 
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16.     The  density  increases  in  A.  P.  after  each  stroke. 

.*.  The  volume  of  the  air  in  the  condenser,  and  hence  its  length, 
decreases  in  h.p. 

Let  pp  be  the  density  in  the  condenser  after  p  strokes. 

In  the  next  stroke  a  volume  V  at  density  pp  and  a  volume  v+x  at 
density  p  are  condensed  into  a  space  V+  v. 


(V+v 
Pp  +  l\      y 


\P  +  1 

)       ~p»\    V 

fV+v\n  v+x 

•'•  Pn{    y~)  -P=P     v 


/V+v\t>       v+x(V+ 


V+v 


Fv  +  x     x  (    V   \n~| 
^=PL"^ v\V+~v)  J* 


And  the  pressure  is 


nL    V        v\V+v)  _]' 
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Examination. 

1.  The  mass  of  water  displaced  by  the  solid  must  be  7  lbs. ; 
.*.  its  sp.  gr.  is  to  that  of  water  as  5  :  7. 

2.  The  mass  of  A  displaced  by  the  solid  is  9  lbs.,  and  the  mass  of  B 
displaced  is  7  lbs. 

.*.  the  sp.  gr.'s  of  A  and  B  are  as  9  :  7. 

4.     If  V  is  the  volume  of  cork  required  and  V  the  volume  of  the 
iron,  Fx  7-6x^9  =  6, 


,  _    MA      1000  ,  _     /ir/im1000  Jr     198 

and  Fx.24Xl^+6  =  (F'+F)  — ;.-.  F=-05. 

5.  Equal  volumes  of  the  body,  water,  and  spirit  weigh  250,  210  and 
200  grains  respectively. 

25  20 

.*.  the  sp.  gr.'s  of  the  body  and  the  spirit  are  —  and  — . 

6.  If  h  is  the  sectional  area  of  the  stem  of  the  hydrometer,  and  if 
s  is  the  sp.  gr.  of  the  liquid, 

(F-£«)(62-5)=  IF,  and  (F-£tt+0(62-5)s=  W+w. 

.•'.  s(TT+62-5v')=  JF+w. 

7.  The  weights  of  water  and  spirit  displaced  are  respectively  equal 
to  the  weights  of  200  grains  and  of  160  grains ; 

4 
the  sp.  gr.  is  therefore  - . 
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8.  The  weight  of  water  displaced  by  the  wood  is  equal  to  the 
weight  of  25  oz.  ;  and  the  weight  of  the  metal  in  vacuum  is  equal  to 
the  weight  of  20  oz.  ; 

4 
.*.  the  sp.  gr.  of  the  wood  is  -. 
o 

9.  Whole  weight  of  water  displaced  is  equal  to  the  weight  of 

(57 +42 -38)  lbs.,  i.e.  of  61  lbs. 

The  silver  displaces  the  weight  of  4  lbs  ; 

.*.  the  wood  displaces  the  weight  of  57  lbs.,  and  its  sp.  gr.  =  that  of 
water. 

Examples. 

1.  If  w  is  the  weight  of  the  material,  4w  is  the  weight  of  the  sinker 
in  water ; 

.*.  2w  is  the  weight  of  water  displaced  by  the  material,  and  its  sp. 
gr.  is  *5. 

2.  The  volume  of  the  metal  =  1  -  ( -  J  cubic  inches. 

4*34 
Its  weight = that  of  1  +  -~- ,  or  3*17  cubic  inches  of  water. 

729 
.-.  its  sp.  gr.  =  ™    x 3*17  =  1065  nearly. 

3.  There  are  8 -22  -  63  or  192  grains  of  wax. 

The  mass  of  a  volume  of  water  equal  to  the  volume  of  the  wax  is 
therefore  2  grains. 

The  displacement  of  water  by  the  two  is  8'22-3'02,  or  5*2  grains. 

/.  the  mass  of  a  volume  of  water  equal  to  the  volume  of  the  salt  is 

o.o 

3-2,  and  the  sp.  gr.  is  —  or  1-96875. 

4.  The  ratio  is  7  :  7£  or  14  :  5. 

5.  A  quantity  of  liquid  equal  in  volume  to  the  solid  weighs  1 J  oz. 
,\  sp.  gr.  of  solid  :  that  of  liquid  : :  4  :  3. 

6.  Let  wlf  w2,  Wo  be  the  weights  of  the  gold,  the  diamond,  and  a 
ruby  respectively ;  then,  taking  the  weight  of  a  grain  as  the  unit  of 
weight, 

w1-\-w2  +  2w3=44^. 

i6Jr  +  3£+  3  _5*- 
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The  weight  of  a  ruby  in  water  is  that  of  two  grains  ;  .-.  in  air  it  is 
that  of  3  grains. 

Hence  w2=5%. 

7.  Let  x  gallons  of  water  be  mixed  with  one  of  whiskey, 

•75 +  a?= -8(1+4?),     .♦.  ^  =  -25, 
and  price  should  be  4  of  16,  or  124,  shillings  per  gallon. 

8.  In  order  to  solve  this  question,  another  condition  must  be  given. 

Taking  the  general  case,  suppose  that  a  common  hydrometer  has 
a  portion  of  its  bulb  chipped  off,  and  that,  when  placed  in  liquids 
of  densities  a,  /3  and  y,  it  indicates  densities  a',  /3',  and  y  respectively. 

Let  V  be  volume  of  instrument,  p  its  density,  U  the  volume  chipped 
off,  k  the  cross  section  of  the  stem. 

Then  if  x,  y,  z  are  the  lengths  of  stem  above  the  surface, 

pV=a'(V-KX\        p(V-U)  =  a(V-(f-KX), 

PF=/3'(F-.y),      p{V-U)=${V-U-Ky), 

pV=y'(V-Kz),         p(V-U)  =  y(V-U-Kz). 

1     1  u 


and 


M 

a      a 

u 
v~ 

=  1-1  + 

ft    v 

1  u 
0  vs 

1 
i 

y  _ 

<#(&- 

-«') 

-  +  7.Tr 


y        y 


y       a'P{p-a)  +  1(a&-a'fiy 

If  a,  j3  are  known,  and  if  a',  0',  y'  are  observed,  this  determines  y. 
Tripos  Examination,  1890. 

Another  form  of  the  result  is 


a  —a, 

«'f 

3'  -A 

ft 

y-y, 

7> 

yy 


=  0. 


9.     Let  F  be  the  volume  of  the  hydrometer,  a  the  sectional  area  of 
the  stem. 

(F-aa)Pl  =  (F-6a)p2  =  (F-Ca)p3  =  if, 
the  mass  of  the  hydrometer. 

M 


V-aa  =  - 


V-ba  = 


V-Ca  = 


Pi 
M 

M 
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-c)a=M 

P2_~P3 
P2P3 

b-c 

Pi 

P2, 

a-b 
Pz 
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:0. 

10.  If  plt  p2,  p3  are  the  intrinsic  weights  of  the  Kquids,  Fthe  volume 
and  If  the  weight  of  the  common  hydrometer,  X1?  X2,  X3  the  lengths  of 
its  stem  above  the  surfaces, 

W=p1(V-k\1)=p1k11=p2k12^PzkIs. 

If  V  is  the  volume  immersed  and  W '  the  weight  of  the  Nicholson's 

hydrometer,  Wl+W'=pxV\    w2+W'=p2V\    w^+W^p^V, 

YW I  —  L 
whence  w2  ~w3=V (p2 -  p3)  = -^y-2 ,  &c. 

K  fc2t3 

and  the  stated  result  follows  at  once. 

11.  If  IT  is  the  real  weight  of  the  body,  and  w,  w'  the  real  weights 
of  the  weighing  pieces,  we  have 

fp-D=><-i), 

W(       29\      vf  (  ,     29\ 

The  apparent  weights  of  the  body  are  w  and  vf, 

1 


and  since 

it  follows  that 


v/  —  w 


w        (p-l)(30p'-29)* 
This  is  an  increase  or  a  decrease  according  as  p'>  or  <p. 

12.     Let  W  be  the  weight  of  the  bottle,  Fits  internal  volume,  v  the 
volume  of  its  material. 

wa>  wbt  we  the  intrinsic  weights  of  A,  B,  C. 

W+Vwa-(V+v)wb  =  Abt 

W+Vwa-(V+v)wc  =  Ac, 

W+Vwb-(V  +  v)wc=BCi 

W+Vwb-(V+v)wa  =  Ba)    . 

W+Vwe-(V  +  v)wa=Ca) 

W+V<we-(V  +  v)wb=Cbi 
.-.  Ab+Bs+Ca=Ac+Ba+Cb, 
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Examination. 

,      t,  *       ■  ,  1728x15  +  1x60     ,«JWW,« 

1.    Pressure   of  mixture  = — — =  15-026  lbs.  wt.  per 

sq.  inch. 

3.     Dew  would  be  deposited  on  the  furniture,  &c,  in  the  room. 

o      rr  m.  e      •  *  3x45  +  6x90     _0 

8.  Temperature  of  mixture  = =  75  . 

9.  The  dryness  of  the  air,  and  its  capacity  to  absorb  moisture 
owing  to  its  low  pressure,  causes  evaporation  from  the  surface  of  the 
skin  to  go  on  more  rapidly  than  moisture  can  be  supplied  from  the 
subjacent  tissues. 

10.  When  the  volume  is  V+  V  and  the  temperature  t,  the  pressure 

pV  +  p'V 

When  the  volume  is  changed  to  U  and  the  temperature  to  t,  the 
pressure  becomes 

273  +  ^   pV+p'V 
U      '     273  +  * 


r     jj — (l  +  af-t)  where  a=^h- 


11.     The  new  pressures  being  sr,  trr',  and  r  being  the  increase  of 
temperature,  (taking  t  as  absolute  temperature) 

p       w  pr 

ft      ter*  ,       ,_   ,jpW 

t    ~t+T*  "    ™       P~    t     ' 

.*.  the  greater  increase  of  pressure  takes  place  where  the  original 
pressure  was  the  greater. 
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Pressure  at  temperature  zero  ■■ 


p  +  pr  273 
2      *    t    : 


or  if  t  represent  temperature  on  the  centigrade  scale, 

Examples. 

1.  If  0°  be  the  final  temperature, 

2  (100- 5)  x  -12  =  (5  + 16  x  -2)  (0-20) 
.-.  0=22°  25i\. 

2.  In  this  case,  with  same  notation, 

•12(12O-0)  +  2x-l(9O-0)  =  (6  +  lOx-2)(0-lO)j 

3.  The  space  being  saturated  with  vapour,  one-half  of  it  is  con- 
densed when  the  compression  takes  place. 

Hence  while  the  pressure  of  the  air  is  doubled,  that  of  the  vapour 
remains  unaltered. 

Hence  the  difference  of  the  observed  pressures  is  the  required 
original  pressure  of  the  air  free  from  vapour. 

4.  The  air  in  the  ball-room  was  saturated  with  moisture  in  the 
form  of  vapour.  This  being  suddenly  frozen,  became  snow,  when  the 
temperature  of  the  room  was  suddenly  lowered  below  freezing-point. 

5.  The  pressures  (reduced  to  zero)  in  the  air-space,  are  as 

..a  being  the  required  ratio, 

a*i  =  ^i(l-gQ. 
ak     E2{l-et2)' 

1 
(l-gQ~|*i-fr 


_p1(l-Cp-l< 
'    lE.2(l-et2)j 


6.     The  pressure  on  the  under  side  of  the  piston  never  rises  beyond 
twice  its  original  value. 

That  above  the  piston  is  f  its  original  value. 

.*.  the  weight  of  the  piston  =  2  -  £ =£  original  pressure  on  it. 

13.  E.  H.  4 
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7.  The  vapour  in  the  space  above  the  water  being  condensed,  the 
temperature  of  the  water  is  above  its  boiling-point  at  the  reduced 
pressure. 

8.  The  freezing-point  is  lowered  *3°  .'.  *15  of  the  heat  required  to 
raise  the  whole  mass  (if  melted)  through  1°  is  set  free  and  expended  in 
melting  a  portion  of  the  mass. 

"15 
.*.  the  mass  melted  is  —  =  rather  less  than  -g^th  of  the  whole. 
I  y 

Or  thus,  the  lowering  of  temperature =  (*0075)  40  =  3  ;  so  that  -  '3° 
is  the  final  temperature. 

Let  the  portion  x  of  the  mass  of  ice  M  be  melted  ;  then 

79#= heat  taken  out  of  x  of  water 

+  heat  taken  out  of  (M  —x)  of  ice 

«*(-3)+i(^-*)C3), 

taking  the  specific  heat  of  water  to  be  unity. 
From  this  equation, 

x  _       -3  3         J^ 

M  ~  158  -  -3  ~  1577  "  526  7' 

9.  Let  6°  be  the  resulting  temperature 

(0-40)06=10(100-4) 

Heat  absorbed  by  silver = heat  given  out  by  water 

-«{•«»-«&  units. 

The  work  equivalent  of  this  is 

225x772.    ,  , 

1006      foot-pounds, 

which  would  raise  the  ounce  of  silver  to  a  height 

16  x  172§feet= —  yards  =  921  yards  nearly. 

y 

10.  Let  p,  &,  be  the  pressures  of  the  air  and  vapour. 

^  +  ■07  =  11. 

On  compression  the  air-pressure  becomes  np,  but  the  pressure  of  the 
vapour  can  never  exceed  or,  for  condensation  takes  place. 

.*.    ?ijO  +  G7  =  Il'. 

nil -It' 


*-v 


-1 
n'-n 
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11.  Let  r  be  the  radius  of  the  cylinder,  W  its  weight,  xa  the  pressure 
of  the  vapour,  n  that  of  the  atmosphere. 

If  (3<zr-n)7rr2<  W,  the  vapour  will  be  condensed 

i.e.    W  must  not  exceed  (3t«r  -  n)  nr2. 

12.  The  temperature  of  the  ice  is  raised  to  32°,  the  ice  is  then 
melted,  and  as  the  final  temperature  is  59°,  the  temperature  of  the  water 
is  increased  from  32°  to  59°,  i.e.,  it  is  raised  27°. 

If  v  is  the  volume  of  the  ice,  the  mass  of  the  ice  is  "96 v  x  62*5,  and 
the  number  of  units  of  heat  required  for  these  three  changes  is  therefore 

•96y  x  62-5  {-5x2  + 144  +  27}. 

Again,  the  air  being  lowered  1°  of  temperature,  its  loss  of  heat  if  nv 
represent  its  volume,  is 

•0013m;  x  62*5  x  '2375. 

Equating  this  to  the  former  expression,  we  find  that 

16512       Kn  ■    ,  . 
»=-030875  =  531801'6-- 


4-2 


CHAPTER  IX. 
Examples. 

1.  The  greatest  tension  in  each  cylinder  is  at  the  base.     We  have 
rVi  —  r'-h',  t=whr,  and  t'  =  whY  ; 

.\  t :  tf=tJ  :  r. 

2.  t=pr,  and  2t=p'.3r, 

.'.  p  :p'  =  Z  :  2. 

3.  A  bar  one  square  inch  in  section  can  support  4000  lbs. ;  .\  the 
greatest  value  of  t  is  400  lbs.,  and  the  greatest  value  of  p  is  80  lbs. 

4.  If  r,  r'  be  the  radii,  e,  e'  the  thicknesses, 

r2e=r'V; 
and  the  strengths  are  as 

2er     2e'.r  n      , 

—  :  — r  or  as  r J  :  r3. 
r         r 

5.  Let  §na?  be  the  volume  of  air,  at  atmospheric  pressure  II, 
which  is  forced  in. 

Pressure  with  radius  b  =  — ^—  n ; 

and  with  radius  o         =  — , —  n. 
c3 

Let  t  be  the  tension  with  radius  b,  and  f  with  radius  c ;  then 

Z^  +  a3     ,\_2*  Trxs+a*_2tf 

and  i:r  =  62-a2:c2-a2, 

80  that  t±^V  .*!+£?;.  62_a2  .  c2_a2, 

o2  c3 

which  determines  #. 
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6.     The  tension  and  pressure  all  along  the  band  being  the  same,  the 
curvature  is  the  same,  i.e.  the  band  lies  in  a  circular  arc. 

Let  r  be  the  radius  of  the  circle  at  any  time, 

2a  the  angle  subtended  at  the  centre, 

2a  the  unstretched  length  of  the  band, 

b  the  depth  of  the  box,  p  the  pressure  inside  5 

a  =  rsina;     t  =  (Il-p)r. 


And  2ra  =  2a(  l  +  -)  =  2a+2ar- 

U—p 

.'.  a-sina  =  a. — ^ —  . 
A 

When  the  band  touches  the  bottom  of  the  box, 
r(l-cosa)  =  6  ; 

.-.  a  =  2tan~1-; 
a' 

and  n-»=      2tan~l  --    =— ^    . 

a\__  a     a- +  o- J 

If  6  >  2a,  the  arc  will  gradually  become  a  semicircle,  and  then  the 
ends  will  be  flattened  against  the  vertical  sides  of  the  box,  the  free 
portion  forming  a  semicircle. 

7.     At  a  depth  h  below  the  surface,  the  tension  is  who. 
Let  26  be  the  length  of  the  side  of  the  box, 

r  the  radius  of  the  curved  portions  of  the  membrane. 
2*r+4(8$-2r)=2*aj 
4b  —  ira 

.*.  the  tension  at  a  depth  h  =  wh. 


4-7T 


The  change = wh .         — - 


.*.  change  :  original  tension  =  4  (a -b)  :  a (4 -it). 

8.     If  £>,  r  be  the  increase  of  pressure  and  radius,  a  being  the  original 

radius,  t  the  tension, 

t  \v 

2nr=2na-  ;   .'.  t  —  ~ . 

A  C£ 

But  t=p(a+r); 

pa2 


\-pa 
If  r=a,  \  =  2pa. 
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9.  This  example  belongs  to  Chap.  XIV. 

10.  The  pressure  at  the  foot  of  the  main 

=  300x62-5  =  18750  lbs.  wt.  per  sq.  foot. 
If  t  be  the  required  thickness  in  inches, 
K     ._..       18750    9 

5x2240r=m8x2; 
•••r=^onearly- 

11.  Let  t  be  the  required  thickness  in  inches 

•••  r  =  ^inch. 

12.  If  r  is  the  stress  per  unit  of  areal  section,  and  if  e  and  e'  are 
the  thicknesses, 

ct     e'r  .     „ 

R      r  ' 

13.  Let  h  feet  be  the  required  height  of  water  and  let  r  be  the 
radius  of  the  cylinder. 

™  144  W       '     ra        t     oaK. 

Then  t=  — j—t     t=^,      -  =  62*5& 

,\  volume  of  water=7rr2A  =  127rra}f/62-5^1. 

14.  Let  r  be  the  radius  of  the  circular  portions  at  any  time,  a  the 
original  radius. 

The  length  of  the  perimeter  of  the  tube  is 

27j-r  +  8(a-r). 

8-2tt  fa-r" 


The  tension  = A.  w     ~"  ( ) . 

2tt     \  a  J 

The  pressure  is  ,\  X  . 


2tjt  a    f 

which  is  proportional  to  — ^ ' 

i.e.  to  the  ratio  of  the  straight  and  curved  parts  of  the  tube. 
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15.  Let  p  be  the  final  pressure  within  the  envelope, 

p.  Jwr* =2n.^7rr3. 
i*  n 

The  tension  at  any  point  is  ^  (p  -  n)  =rj2  (2T*3-  r'3). 

16.  A  hemispherical  bag,  of  radius  c,  is  filled  with  water. 

If  t  is  the  tension  along  the  meridian  at  depth  x,  and  if  x=c  cos  0, 
t.2nc  sin2  0  -  w  (Ittc3  ( 1  -  cos  6)  +  §ttc3  sin2  6  cos  <9}, 
•\  £  oc  (c2  +  c# + x2)J(c + x). 

17.  The  resultant  of  the  tensions  round  a  horizontal  section  is  equal 
to  the  resultant  vertical  pressure  on  the  portion  of  the  cone  above  that 
section,  i.e.  between  it  and  the  vertex. 

If  h  be  the  height  of  the  cone,  x  the  depth  of  the  section,  t  the 
tension  at  the  section, 

2ttx  tan  a .  t .  cos  a  =  Iivttx3  tan2a, 

. '.  t  —  \w  tan  a  sec  a .  x2. 

18.  Let  h  be  the  height  of  the  bag,  4a  the  parameter  of  the 
parabola,  so  that  if  r  be  the  radius  at  a  distance  x  from  the  vertex 
r2  =  4ax. 


t  being  the  tension, 

t. 

\/r2  +  4x2 


.'•t=}^.^^±?±(2h-x) 

m  \w  si  a  (a? + a)  (2h  -  x). 
At  the  vertex  x=0, 

.'.  t=wah, 
or  thus  ;  radius  of  curvature  at  vertex  =  2or,  and  pressure  there  ==wh, 

.'.  —=wh,  or  t=wah. 
2a 

19.  t.2n.PN.  —JAN         =wnPN*.*f. 

\/l>N2  +  ±AN2  2 

.'.  tas/AS+AN.ANaANs'SP. 
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20.     Let  p,  -&  be  the  pressures  of  the  air  and  vapour. 

Then  jo  +  tzr  =  n  the  atmospheric  pressure. 

Let  a  be  the  original  radius. 

When  radius  is  doubled,  the  pressure  within  exceeds  that  without 
by  p  -f-  E7. 

The  tension  =  a  (p  +  cr). 

77 
When  radius  is  trebled,  the  pressure  of  the  air  is  ^.p,  and  of  the 

vapour  set. 

.*.  Inner  pressure  exceeds  outer  by  ^p. 

25 
.*.   -q  pa  is  the  tension. 


••• 

25 
-9«P 

a(p  +  rar)-8  :  3. 

24(p  +  vr)  =  25p, 

or 

P  =  24tu 

and 

*=k* 

CHAPTER   X. 
Examples. 

1.  The  product  of  height  and  diameter  of  tube  is  constant. 
For  water  it  is  given  as  -048,  for  alcohol  '02. 

.*.  In  a  tube  '25  inch  in  diameter, 

water  rises  "192  inch,  alcohol  rises  "08  inch. 
In  a  tube  -05  inch  in  diameter, 

water  rises  '96  inch,  alcohol  rises  *4  inch. 

2.  Depression  =  -——-—  =  -048  inch. 

2*     36  7  .^        .  .  .  -  . 

3.  v  -  II  =  —  =  — ,      p  —  n  =  -  in  grains  weight  per  square  inch, 

r       5  8 

4  4 

also  Vn  =  x  tt?*3/?,  and  Fn  =  -  tjt'3/?, 


■.V,r-T>(n+f):l*(n+?), 


n  being  the  pressure  of  the  atmosphere  measured  in  grains  weight  per 
square  inch. 

4.  Since  81  +  418  <  540,  it  follows  that  equilibrium  cannot  exist, 
art.  167,  page  160.  The  drop  of  water  therefore  spreads  out  over  the 
mercury. 

5.  The  reason  in  this  case  is  the  same. 

6.  The  tension,  r,  of  the  film  being  normal  to  the  thread,  it  follows 
that  the  tension  of  the  thread  is  constant,  and,  r  being  constant,  it 
follows  that  the  curvature  of  the  thread  is  constant. 

7.  Let  t  be  the  tension  of  the  film,  n  the  atmospheric  pressure. 

The  pressures  inside  the  bulbs  are 

2t  2t       ,  2* 

n  +  — ,    n+-,andn+-o, 

/'.  n(/23-r3-r'3)  =  24r2+r'2-i22]. 
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8.     Let  t  be  the  tension  of  the  film, 

II  the  atmospheric  pressure. 
2t  2t 

p0 — =n=» — . 

^.r3=n.a3+_p0-ro3- 

2t=(p0-Il)rQ=(p-n)r. 

•'•  P^o=pr-n{r-r0). 

.    pj*  __  na3 + jor .  r02  —  n  (r  -  r0)  r02. 

p=n 

Po=n 


r(r2_ro2)        > 

a3  -  r2  (r  -  r0) 


9.  Take  the  wetted  area  between  the  plates  of  sensible  extent,  i.e 
take  B  large  compared  with  d,  and  let  n  be  the  atmospheric  pressure, 
and  n'  the  pressure  of  the  liquid.  Taking  a  small  length  e  of  2?,  which 
may  be  regarded  as  practically  straight,  we  have 

ned=JI,ed+2te  cos  a. 

The  plates  are  pressed  together  by  two  opposite  forces,  each  equal  to 

(n-n')  A +  tB  cos  a, 

.  2t  cos  a  ,   D     . 
or,  A  — -j \-Bt  sin  a. 

.  4 

10.  "We  have  m=-irpass 

Let  *  be  the  tension  of  the  film, 

hp = atmospheric  pressure. 

_  Smk     2t 
~~  47ra3     a  ' 
Let  a  become  a+x. 


This  expression  becomes  (neglecting  squares  of  oc) 

Ana?  |_         a J      a  |_      a  J " 

The  increase  is  —5    £—7; — „    . 

a2  L      87m2  J 


If  this  is  to  be  always  positive,  &  must  be  positive  or  negative 
according  as  t  >  or  <  9mk/8na2. 
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11.  The  upward  forces  on  the  cube  when  a  volume  V  is  immersed 
are  wV  +  wc2  cos  a .  4a. 

If,  V  being  not  greater  than  a3,  u/a3  do  not  exceed  this,  the  cube 
floats. 

.•.we  must  have 

— <l  +  4-sCOSo. 
w  a2 

12.  Let  r  be  the  radius,  h  the  height  of  the  cylinder,  the  other 
symbols  as  in  (11),  wr2  being  the  tension. 

v/  T 

—  <l  +  2Tcosa 
w  h 

is  the  condition,  obtained  in  precisely  the  same  way. 

13.  The  forces  on  the  rod  are  its  own  weight,  the  upward  pressure 
of  the  liquid,  which  is  equal  to  the  weight  of  liquid  displaced  below  the 
plane  level,  and  the  resultant  downward  tension  which  is  equal  to  the 
weight  of  liquid  elevated  above  the  plane  level. 

The  apparent  weight  is  therefore  greater  than  the  real  weight  by  the 
difference  between  the  two  last-mentioned  forces. 

When  the  solid  depresses  the  liquid,  the  apparent  weight  is  less  than 
the  real  weight  by  the  sum  of  the  weights  of  the  liquid  displaced  below 
the  plane  level  and  of  the  liquid  required  to  fill  up  the  hollow  which  is 
formed. 

14.  The  potential  energy  produced  by  the  rise  of  a  liquid  of  intrinsic 
weight  w  to  a  height  h  in  a  tube  of  radius  r 

=  wnr2h  X  o  =  o  v>m*h\ 

and  from  art.  169,  we  see  that  hr  is  constant. 

15.  From  Example  7,  we  have 

n(&-t*-f*)=2t(t*+f"-IP). 

But  if  two  bubbles  were  to  combine  without  change  of  volume,  the 
radius  of  the  new  bubble  would  be  greater  than  that  of  either  of  the 
original  bubbles,  and  the  surface  tension  would  not  be  sufficient  to 
maintain  the  equilibrium. 

It  follows  therefore  that  the  volume  will  increase,  and  hence  from 
the  above  equation  it  follows  that  the  surface  will  decrease. 

16.  If  the  soap-bubbles  are  blown  from  the  same  mixture,  the 
tension  of  each  is  the  same,  and  the  three  surfaces  must  therefore  meet 
everywhere  at  angles  of  120°. 

Hence  rlt  r2  are  the  sides  of  a  triangle  including  an  angle  of  60°,  and 
r  is  the  perpendicular  from  that  angle  on  the  opposite  side. 

Hence  that  opposite  side=  ^—  .  -£-&. 
3  ffrf       2  ,     2 
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1.  The  resultant  attraction  at  any  point  is  directed  to  the  centre  of 
the  sphere  ;  the  surfaces  of  equal  pressure  are  therefore  concentric 
spheres. 

2.  If  a  is  the  radius,  the  pressure  at  the  distance  r  is  \pp  (4a2  -  r2), 
and  the  ratio  is  that  of  4a2 :  2«2. 

3.  Taking  the  figure  of  Ex.  (1),  let  P  be  on  the  surface  of  the  solid 
sphere,  and  A  on  the  free  surface  of  the  liquid. 

Then  if  PA—d,  we  find,  by  considering  the  equilibrium  of  a  thin 
cylinder  PA,  that  the  pressure  at  P  =  pfd. 

Take  two  parallel  plane  sections  of  the  solid  sphere  at  the  distances 
OL,  OL'  from  the  centre,  LL'  being  very  small. 

Then,  if  a  is  the  radius  of  the  solid  sphere,  the  resultant  pressure  on 
the  thin  zone  of  surface  between  the  planes  is 

pfd .  2na .  LL' .  — . 

If  we  take  two  parallel  sections  at  the  finite  distance  NN'  from  each 
other,  the  resultant  pressure  on  the  zone  of  surface  between  them 

-Zrrpfd.lLL'.OL 

=7rpfd(ON'2-  ON2),  by  Leibnitz's  Theorem. 
Also,  if  r,  r1  are  the  radii  of  the  sections,  the  volume  described 

=7rd  (r'2  -  r2)  =  nd  {ON'2  -  ON2). 
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1.  The  pressure  on  the  lower  end,  being  equal  to  the  weight  of 
water  displaced  by  the  rope,  is  equal  to  the  weight  of  one-half  the 
immersed  rope. 

The  tension  at  the  middle  section  of  the  immersed  rope  is  therefore 
zero,  since  the  weight  of  the  portion  below  that  section  is  just  supported 
by  the  fluid  pressure  on  the  lower  end. 

2.  If  J),  E  be  the  middle  points  of  the  sides,  BE  is  parallel  to  AB, 
i.e.  is  horizontal. 

.-.  the  line  joining  the  centres  of  gravity  of  OAC  and  OBC  is  hori- 
zontal. 

•\  pressure  on  OCA  :  pressure  on  OGB 

=area  of  OCA  :  area  of  OCB 

=  sin  2B  :  sin  2 A. 

3.  When  the  centre  of  gravity  is  in  the  surface,  the  addition  of  a 
small  quantity  of  water  will  obviously  raise  the  centre  of  gravity  of  the 
whole. 

Further,  if  a  small  quantity  A  be  abstracted,  the  c.G.  of  the  re- 
mainder B  must  be  above  the  surface,  for  B,  together  with  J,  which 
certainly  has  its  c.G.  below  the  surface,  form  a  mass  whose  c.G.  is  in 
the  surface. 

Hence,  since  either  addition  or  subtraction  of  water  raises  the  c.G., 
it  must  be  in  its  lowest  position  when  in  the  surface  of  the  liquid. 

4.  The  depth  of  the  c.G.  of  the  curved  surface  is 

h  tan  a  .  cos  a  +  \h  sin  a  =  -«■  sin  a  ; 

3 

/.  whole  pressure  on  it  =  §nwh3  tan2  a. 
Whole  pressure  on  the  base  =  nwh2  tan2  a .  h  sin  a ; 
.*.  pressure  on  curved  surface  :  pressure  on  base 
=  4  :  3  sin  a. 
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5.  Let  xr  be  the  depth  of  the  point  at  which  the  rth  line  of 
division  meets  BG. 

The  triangle  bounded  by  A B  and  this  line  has  (if  AB  =  c)  an  area 

and  its  c.G.  is  at  a  depth  \xr. 

If  p  be  the  perpendicular  from  G  on  AB} 
pressure  on  above  triangle  =  \cx^t 
pressure  on  whole  triangle =$cp2 ; 

.'.  the  rth  point  of  division  of  BG  cuts  off  a  fraction  sfrjjn  of  the 
whole. 

6.  If  p  be  the  density  of  the  solid,  2p,  3p,  4p  are  the  densities  of 
the  fluids. 

The  mixture  of  equal  volumes  has  a  density  3p ; 

.*.  J  of  the  solid  is  immersed  in  it. 

The  mixture  of  equal  weights  has  a  density 

3  _36 

.*.  J|  of  the  solid  is  immersed  in  it. 

7.  The  volume  of  the  cone  =  frrr3  =  that  of  the  hemisphere ; 

.*.  the  fluids  are  of  equal  density. 

8.  Let  h  be  the  depth  of  the  water,  x  the  height  of  the  C.G.  of  the 
water  and  mercury  above  the  common  surface,  p,  o-  the  densities. 

If  a  small  volume  v  is  added  to  the  mercury,  the  upper  surface  of 
the  water  is  raised  by  the  same  amount  as  if  a  volume  v  of  water  were 
poured  on  the  top. 

If  pv{h  —  a;)  —  ((T  —  p)vx 

be  positive,  the  common  c.G.  is  raised  and  vice  versa,  since  a  small 
volume  of  fluid  of  density  p  is  added  at  a  height  h  —  x  above  the  c.G. 
and  an  equal  volume  at  a  depth  x  below  the  c.G.  has  its  density  in- 
creased by  a  — p. 

.*.  If  ph=<rx 

no  change  takes  place  in  the  position  of  the  c.G.,  i.e.  it  is  at  a  stationary 
point. 

Also  clearly  ph  <  a-x  when  but  little  mercury  is  employed,  hence 
the  position  is  one  of  minimum  height. 
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9.  Let  h  be  the  whole  depth  of  the  upper  fluid  and  let  x  be  the 
length  of  the  cylinder  in  it. 

px  +  3p(h-x)  =  2ph. 

.'.  h=2x. 

i.e.  as  might  have  been  expected,  half  the  cylinder  is  in  each  fluid. 

The  pressure  at  a  depth  x  in  the  upper  fluid  is  proportional  to  px. 

At  a  depth  x  below  the  common  surface  the  pressure  is  propor- 
tional to 

ph  +  3p.  x=5px, 

i.e.  it  is  five  times  as  great  as  at  the  other  end  of  the  cylinder. 

10.  The  centre  of  pressure  is  half-way  down. 

The  area  of  the  lower  part  cut  off  is  therefore  one  quarter  of  the 
triangle. 

Its  c.G.  is  at  double  the  depth  of  that  of  the  whole  triangle,  and 
therefore  the  pressure  on  it  is  one-half  that  on  the  whole  triangle. 

11.  If  the  point  in  the  surface  be  A,  the  horizontal  diagonal  BG 
and  the  lowest  point  D  at  a  deptli  2z,  the  depth  of  BG  is  z. 

The  centres  of  pressure  of  ABB  and  AGD  are  therefore  each  at  a 
depth  }«. 

Now  the  c.G.'s  of  these  triangles  being  at  equal  depths  the  pressures 
on  them  are  equal  and  the  centre  of  pressure  of  the  parallelogram  is  at 
the  same  depth  as  that  of  the  triangles,  i.e.  ^  the  depth  of  D. 

12.  Let  x  be  the  depth  of  the  vertex,  p  the  latus-rectum  of  the 
parabola. 

Area  immersed  —  \x .  sjpx\ 

•\  <r.%h.  *Jph=p .  \x .  \/px; 


-«©'■ 


! 


13.  The  original  volume  of  air  when  the  sphere  just  closes  the 
cylinder  is 

If  w  be  the  pressure  of  the  air  in  final  equilibrium,  n  the  atmo- 
spheric pressure,  x  the  distance  of  the  centre  of  the  sphere  from  the 
base  of  the  cylinder, 

(sr-n)7rr2=IF, 
and  volume  of  air  finally = tit2  .  x  -  fyrrr3 ; 

nr2  .  x  -  frrr8  _  II  m 

nr2.  A-fnr3  ~  m' 
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.'.  *=§>•  +  **(/*-§/•), 

5-1+-?-; 

n  7rr2.n' 

"  ^-3r+    ir+^.n 

==grTr+/<7ry2n 
W+nr*.n   ' 

14.  Let  a  be  the  semi- vertical  angle  of  the  cone,  x  the  depth  of 
axis  immersed. 

Volume  immersed  =  \x .n.x2 tan2 a,  and  is  constant. 

Surface  immersed  =  irx2  tan2  a  .  cosec  a. 

Hence  this  latter  is  least  when  x  sin  a  is  greatest. 

Now  ^t3  tan2  a  is  constant ; 

.*.  x  siu  a  is  greatest  when  sin3  a  cot2  a  is  greatest, 

i.e.  sin  a  cos2  a  is  greatest. 

sin  a+sin  3a  is  greatest  when, 

0  being  a  small  change  in  a, 

sin  (a  +  0)  -  sin  a=  +sin  3a-  sin  3  (a  +  0), 

0cosa  =  -30  cos  3a; 

/.  cos  a= —12  cos3 a +  9  cos  a; 

.'.  cos2a  =  §  and  tan2a=^-. 

15.  If  the  plane  be  inclined  at  an  angle  0  to  the  horizontal,  the 
depth  of  the  c.g.  of  the  lower  half  below  the  centre  is  --  cos  0. 

/.  the  pressure  on  lower  portion  :  pressure  on  upper  portion 

=  a  +  -  cos0  :  a-  =  cos0 

=  2  +  cos0  :  2-cos0. 
If  this  ratio  be  m  :  1, 

2m  —  m  cos  0= 2  -f  cos  0 ; 
.     ^m-l 

.\    COS  0  =  2  —  . 

m  +  1 
The  greatest  value  of  m  is  3  when  cos  0  =  1, .'.  0=0. 

The  least  value  of  m  is  1  when  cos  0=0, .-.  0  =  ^  . 
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16.  Let  4a  be  the  latus-rectum,  x  the  distance  of  common  surface 
from  focus.  The  heights  of  the  free  surface  above  the  focus  are 
r  —  2a,  i*  —  2a,  and  of  the  common  surface  x  —  2a ; 

.'.  p(r-x)=p'(r'-x). 

17.  Let  e  be  the  thickness  of  each  stratum. 

Taking  the  unit  of  force  as  the  weight  of  a  pound  at  the  place,  the 
pressure  at  the  lowest  point  is 

Pe(l  +  2+3  +  ...+n)=7^±)pe. 

r  (r4-l) 
At  the  bottom  of  the  rth  stratum,  the  pressure  is  — — — -  pe,  and 

2d 

the  depth  h=re; 

.-.  if  p=pe,  the  density  will,  when  e  is  indefinitely  diminished,  vary 

r(r-\-l)     h2     l 
as  the  depth,  and  the  pressure =—^— — '  ^  -^  =  -  ph2,  when  r  is  indefi- 
nitely increased. 

18.  Let  x\  y  be  the  heights  of  the  surfaces  of  the  two  fluids  above 
the  base. 

Then  x +y= height  of  triangle, 

and  x  :  y=p'  :  p; 

.\  x-y  :  x+y=p'-p  :  p'+Pl 
or,  difference  of  heights  of  surfaces  :  height  of  triangle 
=p-p  :  p'+p. 

19.  The  whole  pressures  are  proportional  to  the  pressures  at  the 
c.G.'s  of  the  strata,  i.e.  on  the  rth  piece  the  pressure  is  proportional  to 
(see  16) 


/r(r-l)  ,  r(r+l)\        .      ,      2 


20.    The  whole  pressure  on  the  curved  surface  is  (r  being  the  radius) 
7rr(l2+22+32  +  ...n2)pa2lbs.  wt. 

That  on  the  base  is 

7rr2.p[l  +  2  +  3  +  ...w]a. 

.   .  T27H  1     ,    "1  n  (n  +  l) 

.*.  whole  pressure —npra\  — - — a+r    —*-= — '-, 

If  the  fluids  be  mixed  the  density  is 
n  +  l 

B.  E.  H.  5 
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.*.  the  pressure  on  the  curved  surface  is 

jrr.p.  nla-      — . 
/.  it  is  increased  in  the  ratio 

»a(j»+l)  ,  n(n  +  l)(2n+l) 

2  6  ' 

or  3n  :2n  +  l. 

If  the  densities  be  <r .  a  +  p  ...r  +  np, 

the  pressure  at  lowest  point  of  nth.  stratum  is 

a  [<r  +  (o-  +  p)  + ...  +  (o-  +  rcp)] 

Whole  pressure  on  curved  surface 

9  2  ,             9w(%4-l)(2w  +  l) 
=  7rr.  rr.7i2a2  +  7rr.pa2-^ '-+ — *. 

That  on  base  is 

2  .      „        ft  0  +  1) 

7rH .  a .  wa+n-H .  pa  — i-g — ' . 

If  np=kh, 

na=h, 

and  n  be  increased  while  p  and  a  are  decreased  indefinitely,  the  pres- 
sures become 

ttT  .  ah2  +  ^irrkh3  =  irrh*  [a  +  \kh\ 

and  irr2<rh  +  Jwf2^ = 7rr2A  [<r + JHJ 

21.     Let  x,  y  be  the  depths  of  the  vertex  below  the  surface  in  the 
two  positions,  2a  the  vertical  angle  of  the  cone. 

Then  volume  immersed  at  first  =  \x .  nx2  tan2  a  ; 

.  3      27^3 


Volume  within  cone  between  these  two  positions 
19 
8 


—  .  ^wx3  tan2  a. 


Volume  of  a  length  y  —  #  (  =  ^  j  of  the  cylinder  is 


0.      x 
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Nowr2  :  #2tan2a  =  19  :  6; 

,\  volume  of  length  -  of  cylinder  =  \%rra?  tan  a  =  twice  volume  of  this 

portion  of  cone ;   .*.  the  surface  of  water  in  cylinder  rises  just  suffi- 
ciently to  keep  equilibrium. 

22.  Let  x  be  the  distance  of  the  o.  G.  of  the  surface  from  the  axis, 
6  the  angle  made  by  the  perpendicular  from  the  c.  g.  on  the  axis  with 
the  vertical,  S  the  area  of  the  surface.  The  depression  of  the  c.  G.  in 
turning  through  a  right  angle  is 

x  (cos  0  +  sin  6). 

In  turning  through  another  it  is 

x  (cos  6  —  sin  6) ; 

,*.    wSx  (cos  6  +  sin  6)  =  Ay 

wSx  (cos  6  -  sin  6)  =  B. 

The  difference  between  the  greatest  and  least  pressures  is 

wS.  2x=>j2(A*+B2). 

23.  Let  2/i  be  the  height,  n  the  semi-vertical  angle  of  the  cone. 
Area  of  surface  of  frustum  =  n.3h2.  tan2  a  .  cosec a. 

Its  c.  G.  is  at  a  depth  x  below  the  vertex  where 
3.a?+l.gA  =  4.§A; 
.'.    x=W; 
,'.  whole  pressure  on  curved  surface 

—w .  *£h .  n .  3A2  tan2  a  .  cosec  a 
=  1^moh3  tan  a  sec  a. 
Pressure  on  base  =  w  .  2h .  n .  4h2  tan2  a ; 

•\    *£  cosec  a  :  8  =  7  :  6  j 
,\   cosec  a  =  2; 
.\    a  =  30°. 

24.  The  weight  of  the  contained  fluid  is 

w-5  •  -5-.7r.4A2tan2a 

O        O 

=  |7r  ioh3  tan2  a  =  TT  (say). 
The  upward  pressure  on  the  curved  surface 

=^7rwh?  tan2  a  cosec  a .  sin  a=^irwh3  tan2  a. 

5—2 
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The  upward  pressure  on  the  cover 

=io .  n.  A* tan2 a.  A; 
.*.  whole  upward  pressure  of  fluid  =  ^-nwh3  tan2  a  =  J^-W; 
.*.  if  the  weight  of  the  vessel  be  less  than  JT7-  W  it  will  be  lifted. 

25.  If  r  be  the  radius  of  the  cylinder,  h  the  height  of  the  cone,  the 
volume  immersed  is 

g.  |.7rr2  =  Jj.7rr2.A. 

If  the  surface  of  the  fluid  in  the  cylinder  rise  a  distance  #,  the 
volume  of  the  slice  x  of  the  cylinder  outside  the  cone + that  of  a  slice  x 
of  the  cone  =  \  vol.  of  cone  =  vol.  of  a  slice  fc h  of  the  cylinder ; 

.-.   x=^h. 

26.  Let  a  be  the  depth  of  the  fluid,  h  the  height  of  the  cone. 
Whole  pressure  on  curved  surface  of  cone  at  the  place, 

=area  of  surface  .  {a  -  \h) .  p  lbs.  wt. 

.*.  vertical  pressure  =  area  of  base  .  p  {a  -  \h\ 

weight  of  cone = area  of  base  .  <r.  \h  lbs.  wt. 

Upward  pressure  on  B= vol.  of  B .  (p  -  a-) ; 

.*.  we  must  have  vol.  of  i?=vol.  of  cone      x  ' 

p-a 

27.  The  curve  of  buoyancy  is  a  similar  and  similarly  situated 
concentric  ellipse,  and  in  whatever  position  the  ellipse  is  held,  with  its 
centre  in  the  surface,  the  resultant  fluid  pressure  is  in  the  direction  of 
the  normal  at  the  lowest  point  of  the  curve  of  buoyancy. 

If  the  axis  is  horizontal,  and  the  ellipse  then  slightly  displaced,  the 
normal  at  the  lowest  point  of  the  buoyancy  curve  will  intersect  the 
minor  axis  above  the  centre  of  the  ellipse.  The  equilibrium  is  therefore 
stable;  and,  similarly,  the  equilibrium  is  unstable  when  the  axis  is 
vertical. 

Or  we  can  reduce  the  problem  to  the  case  of  an  elliptic  lamina, 
resting  with  its  plane  vertical  on  a  horizontal  plane,  and  then  treat  the 
question  in  the  same  manner.     See  Art.  69. 

28.  If  T  be  tension  of  each  string,  a  length  of  side,  the  moment  of 
forces  tending  to  keep  a  face  in  position 

=  :TN/3  x  height  of  tetrahedron  =  7\/2 .  a. 

The  centre  of  pressure  on  a  face  is  halfway  down. 
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The  pressure  is  w .  £  height  x  — ^-  =  weight  of  fluid. 

,\  ^  weight  of  fluid  =  TJ2 .  a. 
.♦.    T:  W=JS  :  V2. 

29.  Let  wXi  w2,...  be  the  weights  and  pj,  p2,.--  *ne  densities.  When 
totally  immersed  they  will  be  able  to  rest  if  the  weight  of  the  displaced 
liquid  is  equal  to  the  sum  of  their  weights ;  hence,  if  o-  is  the  density 
of  the  liquid, 

o-.2(w/p)  =  2(w). 

If  they  are  required  to  rest  in  any  position,  we  must  in  addition 
have  their  c.  G.  coincident  with  the  c.  G.  of  the  displaced  liquid,  i.e.  with 
the  c.  g.  of  homogeneous  bodies  of  the  same  volume. 

Hence  if  xu  #2J...  are  their  distances  from  a  fixed  point  in  the  rod, 
we  must  have 


(ma?) 


Applying  this  condition, 

wl+w2+w.-w1+w2+ny 

Pl  P'L  Pi 

W3\P2       Pl)         Wl\Ps       PJ  W2     \Pl       Pz)% 

30.  It  is  clear  that  one  position  of  equilibrium  is  when  the  rod  is 
vertical. 

If  there  is  another  let  6  be  the  inclination  of  the  rod  to  the  vertical, 
then  if  p,  p  are  the  densities  of  the  lower  and  upper  liquids,  and  o-  the 
density  of  the  rod, 

\po2  sec2  0+p'(a-c  sec  B)  --1-     —  =  a-  ^ , 

.'.  cos2£=-.- — -,, 
aL    a-p7 

so  that  there  is  another  position  of  equilibrium  if 

a-  >  p',  and  c2  {p-p')<  a2  («■  -  p'). 
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Considering  the  vertical  position,  give  the  rod  a  slight  displace- 
ment 0 ; 

Then  the  moment  of  the  forces  about  the  lower  end  varies  as 

p'  (a2  -  c2  sec2  0)  +  pc2  sec2  6  -  o-a2, 

or  as  c2 (p - p)  sec2 6  —  a2 (o- - p), 

and  this  is  positive  if       c2  (p  —  p')  >  a2  (<r  —  p'), 

which  is  the  condition  that  the  vertical  position  is  the  only  one  possible. 

If  the  moment  is  negative,  the  inclined  position  is  one  of  stable 
equilibrium. 

31.  Let  a  be  the  length  of  the  cylinder,  x  the  portion  of  it  filled 
with  air,  n  the  atmospheric  pressure,  h  the  height  of  the  water- 
barometer. 

The  pressure  of  the  air  is  —  II. 

— -  —  x  is  difference  of  heights  of  water  inside  and  outside. 

3a 

a        T"* 

...  _n+^-n=n. 

.*.   2ah  +  3ax  —  4x2  =  4xh, 

Ax2  +  x  (4/t  -  3a)  -  2ah = 0. 

The  positive  root  of  this  equation  gives  the  required  value  of  x. 

32.  Let  3a,  3b  be  the  lengths  of  the  sides  of  the  parallelogram 
The  lines  of  division  trisect  the  opposite  sides  of  the  figure. 

The  depths  of  the  c.  G.'s  of  the  triangular  portions  arc 

(  h      \     '    3a2  +  b2  ,     ,  3b2  +  a* 

§•  \3\Ja2  +  b2- 2b. —==}=%  -7=-f- — ,     and    3     ..  . 

i  ^/a2  +  b2)      V«2  +  62  "  s/a2+W 

The  areas  are  each  3ab. 

•\   P1=w.3ao.£.-; =  2mwp. -.  , 

1  3    vW&2  V«2  +  62 

P<*=  2wa& .    ,  , 

3  yW&2 


and  P1  +  P3 = 8wa6 .  *Ja2  +  b2, 

.'.   P2=tywab*Ja2  +  b2, 
.'.   P1:P2:  P3  =  4  (3a2  +  b2)  :  11  (a2  +  b2)  :  4  (a2  +  3W), 
and  16^=11(^  +  7^), 


MISCELLANEOUS   PROBLEMS.  7l 

33.     Let  w  be  the  intrinsic  weight  of  the  liquid,  h  the  height  of  the 
cone,  r  the  radius  of  the  base,  so  that  r=k  tan  a. 

The  whole  pressure  on  the  curved  surface  is 

w .  \h  .  r2  cosec  a. 

The  pressure  on  the  base  is  wknr2. 


|_    3  sin  a    J' 


P=w.U.m'% 
P  _  2  +  3  sin  a 
P  sin  a 

In  the  second  case  the  depth  of  c.G.  of  surface  is  diminished  in  the 
ratio  of  1  :  cos  6. 

P      2  +  3  sin  a 

P  sin  a 

P  remaining  unchanged. 

34.  The  centre  of  pressure  of  any  face  divides  the  height  in  the 
ratio  3:1. 

If  a  be  the  length  of  an  edge, 

Height  of  tetrahedron = Vf  •  a. 

Height  of  a  face  =^r  a' 

Let  W,  W  be  weights  of  the  fluid  and  a  face. 
The  pressure  on  a  face 

=w  x  §  height  of  tetrahedron  x  area  of  a  face  =  2  W. 

,'.  W .-."—  a  must  be  not  less  than  2W.~.  --  a, 

i.e.  W  not  less  than  -=-  . 
Z 

35.  Let  x  be  the  depth  of  air  in  the  inverted  cone  when  vertex  is 
in  the  surface. 


Its 

pressure  is 

-n 

a*3 

•••  n+!n 

or 

»*!- 

5* 

Fbein 

g  the  volume  of  the 

cone. 
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w       x3  .  -   n  x3  „     n    p. 

a?        h  a3        x+h 
x 

•••  m=i' 

36.     Let  a  be  the  length  of  the  cylinder,  x  the  length  of  it  filled 
with  air  at  any  time,  h  the  height  of  the  water  barometer. 

water  will  flow  over, 


i.e.  if-  +  j  -t>1. 
x     h     h 

The  limit  is  reached  when  the  inequality  becomes  an  equality, 

i.e.  x2-(h  +  a)x+ak=0. 

(x  —  h)(x-a)=0. 

i.e.  x=a  or  x=h. 

i.e.  if  once  started,  water  may  be  poured  in  till  its  depth  equals  the 
height  of  the  water  barometer  before  any  flows  over. 

If  a<h,  then  x<h,  since  x<a  of  necessity,  and  the  piston  will  not 
begin  to  sink  at  all.     The  water  rims  over  from  the  beginning. 

37.     The  pressure  in  the  interior  cylinder  is  -  n, 

if 

-h+(a-y)  =  h  +  a-x.      .'.  -h~y~x* 

x-y     a 

•— a "  -I- 

.\  x+y=a, 

(a  —  x)  {a  -  2.r)  =  xh, 
,\  2x2-x(3a+h)  +  a2  =  0, 

4x=3a+h±  \/a2  +  6a  h  +  h% 


\  4g  =  a-h  +  \jdl  +  Hah + A2. 
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38.  Let  G  be  the  centre  of  the  rectangular  hyperbola. 
PN  a  perpendicular  on  the  transverse  axis. 

PTt  the  tangent  at  P  to  the  curve,  cutting  the  axes  in  T,  t. 

The  horizontal  sections  of  the  columns  of  water  standing  on  an 
element  of  surface  near  P  in  the  two  cases  are  as  Gt  :  GT. 

The  heights  of  the  columns  arc  PN  and  GNy 

.'.  the  pressures  are  as 

PN.Ct  :  GN.CT=BC>  :  AC2, 

i.e.  they  are  equal. 

Thus  since  the  pressures  on  every  small  portion  of  the  area  are  the 
same  in  the  two  cases,  the  pressures  are  equal  on  any  finite  area. 

39.  Let  a  be  the  semi-vertical  angle,  2h  the  height  of  either  cone. 
The  area  of  the  surface  of  the  lower  cone  is 

4ttA2  tan  a .  sec  a. 

28 
.*.  the  whole  pressure  on  it  is  —  wnh?  sin  a. 

S 

28 
•\  the  resultant  pressure  is  —  wnhz  tan2  a. 
o 

The  weight  of  the  fluid  in  the  upper  cone  is 

^UHrh3  tan2  a. 

If  W  be  the  weight  of  fluid  either  cone  can  contain,  W  the  weight 
of  either  cone, 

TT=|w;7rA3tan2a. 

o 

no 

2  W  +  licnh*  tan2  a  =  ^  wnh-  tan2  a, 
3 

,\  2TT  =  ^W7rA3tan2a  =  ^V. 
o  o 

.-.  W  :  W=27  :  16. 

40.  Let  a  be  the  side  of  the  square  and  let  GE=b. 
The  whole  pressure  on  the  square =\wa\ 

The  whole  pressure  on  the  triangle  BGE  is 

•'•  ¥)=ha)    •'•  6  =  fa. 
,\  the  distance  of  the  centre  of  pressure  of  BGE  from  BG 
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Its  distance  from  CD  =  \<<. 

The  centre  of  pressure  of  the  square  is  \a  from  CD ; 

.*.  the  distance  between  these  two  =  av/(i2)2  +  (s72)^ 

=9V505- 

Since  the  centre  of  pressure  of  the  other  part  of  the  square  and  that 
of  the  triangle  must  be  equidistant  from  the  centre  of  pressure  of  the 
whole  square,  the  distance  between  the  two  centres  of  pressure 

41.  Let  a  be  the  side  of  the  square,  0  the  inclination  at  which  the 
moveable  side  is  inclined  to  the  horizontal,  and  IT  its  weight ; 

then,  taking  moments  about  the  hinge, 

wa2, 
3W 


W .  -  cos  6—wa2 .  5  sin  0 .  -; 


,\  tan  6 

42.  Let  0+a,  0  —  a  be  the  inclinations  of  the  two  radii  to  the  radius 
in  the  surface,  a  the  radius. 

The  c.G.  of  the  sector  is  on  the  bisecting  radius  at  a  distance 

a    a  sin  a  „         ., 

4. from  the  centre  ; 

j     ii_  •    «>  «  sin  asin0 

.*.  its  depth  is  #— ; 

a 

.,  „  a  sin  a  sin  6       „ 

/.  the  pressure  is  w .  f  — — .  aa2 

a 

= \wa?  sin  a  sin  0  =  \wa?  {cos  (0  —  a)  —  cos  (0 + «)}. 

The  pressure  on  the  whole  =  $wa3. 

If  6= a  and  the  pressure  on  the  sector  is  ^wa3, 

1  =  1 -cos  20  =  2  sin2 0; 

.-.  sin  0  =  |;     .-.  0  =  30°. 

.*.  the  bounding  radius  makes  an  angle  of  60°  with  the  radius  in  the 
surface. 

43.  Since  the  cylinder  may  be  divided  into  narrow  vertical  strips, 
the  centre  of  pressure  of  each  of  which  divides  its  length  in  the  ratio 
2  :  1,  the  centre  of  pressure  of  the  whole  is  at  this  same  depth. 

It  is  also  obviously  at  the  c.G.  of  the  section  of  the  cylindrical 
surface  at  this  depth. 
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44.  In  each  case  the  centre  of  pressure  must  be  at  the  same  depth 
as  that  of  the  triangle  intercepted  by  the  two  given  planes  on  the 
vertical  plane  through  the  axis  perpendicular  to  the  given  radius  ; 

.'.it  divides  the  height  in  the  ratio  3  :  1  in  the  first  case. 

It  bisects  the  height  in  the  second  case. 

45.  Let  h  be  the  height  of  the  pyramid,  A  the  area  of  the  base,  d 
the  depth  of  the  centre  of  the  base.  q 

The  horizontal  pressure  on  the  inclined  surfaces  =  that  on  the  base 
=wAd. 

The  vertical  pressure  on  the  inclined  surfaces  =  weight  of  fluid 
displaced  =\wAh—  W  (say) ; 

/      9^2 
.'.  Resultant  pressure  =  W  *  /  1  +  — - . 

3d 
And  it  is  inclined  at  an  angle  tan-1  -r  to  the  vertical. 

If  the  base  be  inclined  to  the  vertical  at  an  angle  6, 
The  horizontal  component  of  the  pressure 

A  J  *       *Wd  * 

=  wAd  cos  0  =  — t     cos  6. 
k 

The  vertical  component  =  W±— y—  sin  6. 


.-.  the  resultant=  W  ^/l  ±~  sin  0+^. 

And  it  is  inclined  to  the  vertical  at  an  angle 

3d  cos  6 


tan-1 


A±3dsin0 


The  upper  sign  applies  if  the  vertex  is  depressed  below  the  centre 
of  the  base,  the  lower  in  the  contrary  case. 

46.  If  h  be  the  perpendicular  distance  of  the  base  from  the  vertex, 
a  the  radius  of  the  base,  d  the  depth  of  the  centre  of  the  base, 

Horizontal  pressure  on  curved  surface  =  wna'2 .  d. 

Vertical  pressure =^wira2.  h  =  W,  the  weight  of  fluid  displaced  ; 

.*.  Resultant  pressure  =  W  */ 1  -f  -^—. 

47.  The  resultant  pressure  on  the  fluid  is  equal  to  its  weight  and 
acts  vertically  through  its  centre  of  gravity,  and  this  is  equal  and 
opposite  to  the  resultant  pressure  on  the  curved  surfaces  of  the  cone. 


76  MISCELLANEOUS   PROBLEMS. 

Now  the  c.g.  of  the  fluid  is  in  a  line  joining  the  vertex  to  the  centre 
of  the  base  and  divides  that  line  in  the  ratio  1  :  3. 

/.  if  the  vertical  through  this  point  be  drawn  downwards  to  meet  the 
curved  surface,  it  will  meet  it  at  the  required  centre  of  pressure,  while 
the  pressure  is  equal  to  the  weight  of  the  contained  fluid. 

48.  Since  the  diameter  through  the  point  of  contact  bisects  all 
horizontal  chords,  the  cen1#e  of  pressure  always  lies  in  that  diameter. 

Let  6  be  the  angle  between  that  diameter  and  the  horizontal. 

If  Q  VQ'  be  any  ordinate,  P  V  being  the  diameter, 

QV*=4SP:PV=4A$coae&0.PV 

=  4AS.  cosec3  6 .  (depth  of  V). 

.*.  if  the  area  be  divided  by  a  number  of  horizontal  lines  which 
remain  always  at  the  same  depths,  the  portions  between  any  two  such 

consecutive  lines  are  increased  in  area  in  the  ratio  cosec*  0  :  1. 

.*.  all  the  pressures  being  increased  in  the  same  proportion,  the 
centre  of  pressure  remains  at  the  same  depth. 

49.  The  resultant  horizontal  pressure  on  the  part  described  is 
equal  to  that  on  the  corresponding  portion  of  the  triangular  plane 
face  of  the  half  cone. 

Now  the  depth  of  the  c.G.  of  a  cone  and  of  the  centre  of  pressure  of 
an  isosceles  triangle  whose  vertex  is  in  the  surface,  is  in  each  case  f  of 
the  height,  and  they  are  therefore  in  this  case  in  the  same  horizontal 
line. 

From  this  the  required  result  is  obvious,  on  drawing  a  figure. 

50.  Let  2d  be  the  depth,  A  the  area  of  the  cylinder,  2  W  the  weight 
of  water  it  would  contain. 

Its  weight  =  W =wAd. 

Let  x  be  the  depth  of  the  stop. 

The  pressure  of  the  air  inside  exceeds  that  outside  by 

W/A  =  wd. 

If  h  be  the  height  of  the  water  barometer,  y  the  depth  of  the  water 
below  the  stop, 

h+x+y  _d  _h  +  d 
h         ~y~~hT' 

,      hd 
h  +  d 
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If  there  be  a  hole  in  the  stop  and  u  be  now  its  depth,  v  the  length 
of  the  column  of  air  in  the  cylinder, 

h  +  u- d+v _2d_  h+d 
h  ~  v  ~    h    5 

u=2d-  ~7 1 = 2#.  Q.  E.  D. 

51.     At  temperature  zero  let  the  portion  not  immersed  occupy  a 
length  z  of  the  tube. 


Then 


(1  +  6i8o)  =  m- 


If  f  be  the  real  temperature  of  the  liquid,  we  should  have  (on  wholly 
immersing  the  instrument), 

f=t-m+z(l+^\ 


f-t=-m+[l+—-\ 


6480/ » 

(- 


6480/  r 

+6480 


(£+6480      1  H-r 

V  +  6480      J      mr+648 


+  6480 
=  mr  +  6^0  +  mrTii80» 

6480  +  r-ro" 

52.     Let  A  be  the  height,  2a  the  vertical  angle  of  the  cone. 
Horizontal  pressure  on  the  base=W7rA3tan3a. 
Vertical  pressure  on  the  curved  surface  =  ^wnh2  tan2  a=Wt 
.'.  the  resultant  =  TF\/l+9tan2a, 
and  makes  an  angle  tan-1  (3  tan  a)  with  the  vertical. 
It  acts  through  the  o.G.  of  the  cone  ; 
.*.  (1)     If  its  direction  passes  through  0 

^  /A tan a=3  tana; 
.*.  tan  a  =  J. 
(2)    If  it  is  parallel  to  a  generator 
cot a= 3  tana; 

1 
.%  tana  =  -^,     .*.  a =20°. 
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It  can  never  be  perpendicular  to  a  generating  line,  for  in  that  case 
it  would  make  an  angle  a  with  the  vertical.  This  could  only  be  if  a—0, 
ie.  the  cone  would  become  a  straight  line. 

53.  Let  b  be  the  distance  of  the  centre  of  the  hollow  from  the 
centre  of  the  sphere,  c  its  radius,  wL,  w2  the  intrinsic  weights  of  the 
sphere  and  liquid. 

To  remove  the  hollow  from  the  highest  to  the  lowest  position  is 
equivalent  to  raising  a  volume  §7re3  of  the  material  of  the  sphere  a 
height  2b  and  lowering  a  volume  ^ttc3  through  the  same  distance. 

.'.  If  2wx>w2 

energy  is  required  to  be  supplied  for  this  purpose,  i.e.  the  c.G.  of  the 
whole  is  raised  and  the  position  of  stable  equilibrium  is  with  the  hollow 
uppermost. 

54.  Let  h  be  the  height  of  the  water  barometer,  s  the  specific 
gravity  of  mercury,  a  the  depth  of  the  top  of  the  bell,  b  its  length, 
x  the  part  containing  air. 

h  +  a  +  x     b 

—h—  =  x » 

The  height  of  the  barometric  column  is  (h+a+x)/s  in  the  bell, 
where  x  is  determined  from  equation  (i). 

(i)  If  the  wood  come  from  outside,  the  level  of  the  water  is  slightly 
depressed,  and  hence  the  pressure  and  the  height  of  the  barometer 
slightly  increased. 

(ii)  The  water  slightly  rises,  the  pressure  and  the  height  of  the 
barometer  slightly  decreasing. 

55.  The  areas  of  the  two  portions  of  the  surface  are  as  3  :  1. 
Let  p,  p  be  the  densities  of  the  fluids. 

The  pressures  at  the  depths  of  the  c.g.'s  of  the  two  portions  are  as 

|p  :  P+Wl 

.'.  the  whole  pressures  are  as 

*P  :  P  +  ip'  =  4p  :  3p+p'. 

56.  Let  x  :  y  be  the  ratio  in  which  the  sides  are  divided.  Then 
the  pressures  being  equal  at  the  two  ends  of  the  horizontal  side, 

x+3y=y  +  2x; 

.'.  2y=x, 

or  x  :  y=2  :  1. 

57.  If  A  is  the  vertex  of  the  triangle,  D  the  middle  point  of  the 
base  BG,  and  E  the  middle  point  of  the  line  of  flotation,  we  have  to 
express  the  fact  tha,t  DE  is  vertical. 
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If  a  is  the  side  of  the  triangle,  and  if  xt  y  are  the  lengths  of  the 
sides  immersed,  the  condition  is 

2     2      x  „  2 

— —  =  -,  or  ax  —  x-j—ay-iii. 

2     2 
so  that  either  #=3/>  or  %+y  —  a, 

and  the  other  equation  is         lpxy  =  ^aa2. 

58.  The  pressure  on  the  base  remains  constant,  It  (say). 
If  W  be  the  weight  of  water  displaced 

(R  Vl3^)2  +  ( W+  Rs)2  =  P2 ; 
.-.    W2+R2  +  2WRs=P2. 
Similarly  W2  +  R2 + 2  AW  =  P'2, 

IF2  +  tf2  +  2TJ7fe"  =  P"2; 
.-.  P2(s'-s")  +  ^'2(s"-«)  +  ^"2(s-O=0. 

59.  If  6  is  the  inclination  of  the  axis  to  the  vertical 

tan  6  =  h  tan  a+7  =  4  tan  a. 
4 

The  pressure  on  the  base  =  tonh3  tan3  a  sin  6. 

That  on  the  curved  surface 

=  icnh2  tan2  a  cosec  a  (  A  tan  a  sin  0  -f  -  cos  6  ) . 

The  ratio  of  these  is 

tan  a  sin  6  :  cosec  a  (tan  a  sin  0  +  ^  cos  0) 

=  4  tan2  a  :  cosec  a  {4  tan2  a + £} 

=  12  sin3  a  :  12  sin2  a  +  cos2  a 

=  12  sin3  a  :  1  +  11  sin2  a. 

60.  If  6  is  the  inclination  of  the  axis  to  the  vertical  the  horizontal 
pressure  on  the  curved  surface 

= wn-A3  tan3  a  sin2  6. 

The  vertical  pressure  is 

^wnh3  tan2  a  +  With*  tan3  a  sin  0  cos  0 ; 

tan  a  sin2  0 

,\  tand>=-= — : — - 

r     J+tanasm  0cos  6 

16  tan3  a  48  tan3  a 


I  (1  +  16  tan2  a)  +  4  tan2  a     l  +  28tan2a* 
28  cot  a  +  cot3  a 


or  cot<£  = 
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61.  The  only  effect  of  the  fluid  is  to  reduce  the  apparent  weight  of 
the  chain,  for  the  resultant  fluid  pressure  on  each  link  is  vertical. 
Thus  the  form  remains  the  same  as  in  air. 

62.  Let  the  surface  divide  the  generating  line  in  the  ratio  x  :  1  —  #, 
and  let  0  be  the  angle  which  the  axis  makes  with  the  vertical,  2a  the 
vertical  angle  of  the  cone  ; 

.*.  cos2a  =  §. 

If  I  be  the  length  of  the  side  of  the  cone,  the  centre  of  the  liquid 
surface  is  distant  horizontally  from  the  vertex 

i{xlsm(0-a)  +  lsm(0  +  a)}; 

.*.  the  o.G.  of  the  fluid  is  distant  horizontally  from  the  vertex 

31 

-  {x  sin  (0  -  a) + sin  (0  +  a)}, 
o 

The  point  of  suspension  being  vertically  over  this, 

I  sin  (0  -  a) = -  {x  sin  (0  -  a) + sin  (0  -f  a)}. 

o 

.p  _ cos  (0 + a)  _  sin  20 -sin  2a 

*~cos(0-a)-~sTn2(0-a)    ' 
.*.  8  sin  (0  -  a)  cos  (0  -  a)  =  3  {sin  (0  -  a)  cos  (0  +  a)  +  sin  (0  +  a)  cos  (0  -  a)}, 
4  sin  2  (0-  a)  =  3  sin  20; 

,  4  sin  2a  .    ._ 

'%taD2^4cos2a-3=-4^ 

Vl+80       9    ' 
.%  sin  2  (0  -  a)  =  Y  =  sin  2a  ; 

«\  #  :  1-,2?=1  :  2. 

63.  Let  p,  a-  be  the  densities,  0  the  inclination  of  the  major  axis 
to  the  vertical. 

Then  the  pressures  at  the  common  surface  being  equal  in  the  two 
fluids, 

p(6sin  0-f  acos#)  =  a(acos  0-bsin0); 

.-.  tan0=  — ■£.  t. 

<T  +  p       O 

64.  Let  h  be  the  depth  of  the  c.G.  of  the  base. 
The  pressure  on  it  is  whA. 
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If  6  be  its  inclination  to  the  horizon,  the  pressure  on  the  curved 
surface  has  for  its 

horizontal  component  whA  sin  0, 
vertical  component  whA  cos  6+wV. 
.'.  the  resultant  pressure  is  w[V2  +  2kA  Fcos  6  +  h2A2]*, 
P*  =  wi  [  V2 + 2xA  Fcos  6  +x2A2\ 
P22  =  y?  [  F2  +  2y^  Fcos  6 +y2A2], 
P32=w2[V2  +  2zAVcos0+z2A2] ; 
/.  P2(y-z)  +  P2(z-x)+P2{x-y) 
=w2A2  [x2  (y  —  z)+y2(z—x)+z2(x-  y)~\ 
= w2A2  {z —y)(y  —  x)  (x—z). 

65.  Consider  the  equilibrium  of  a  small  element  s  just  beneath  the 
surface  and  of  a  small  element  s'  just  above  the  surface. 

Let  wy  vf  be  the  intrinsic  weights  of  the  liquid  and  the  chain. 

Let  t  be  the  tension  at  the  surface  and  3,  &  the  small  angles  between 
the  tangents  at  the  two  ends  of  the  elements. 

Then  resolving,  for  each  element,  along  the  normal  at  the  other 
end,  we  obtain,  if  a  is  the  inclination  to  the  horizontal  of  the  string  at 
the  surface, 

t  sin  6 = lo'ks  cos  (a + 0), 

t  sin  &  —  (V  -  w)  ks'  cos  (a  -  ff). 

But  if  r,  r'  are  the  radii  of  curvature,  s  =  rO,  s'  =  iJ& ;  .'.  making  6  and 
&  indefinitely  small, 

1      l      s      j 

-  :  p=w  :  vf  -w=p  :  p-a-. 

66.  See  Chap.  IY.  Ex.  25. 

67.  If  ra-!  czr2  be  the  new  pressures,  r  the  increase  of  temperature, 
-&1 n 


273+*+t     273+*' 


273  +  ^  +  r     273+<" 


.'.  the  increase  of  pressure  is  greater  in  that  which  had  the  lower 
temperature  originally. 

B.  E.  H.  6 


82  MISCELLANEOUS   PROBLEMS. 

The  pressure  at  zero  in  one  will  be 

2wrn  (l  -  m)  app™ximately. 

That  in  the  other  will  be  n  ( 1  -  — -  J . 

When  the  air  in  both  is  forced  into  the  same  vessel,  the  pressure 
will  be  the  sum  of  these  two,  i.e.  n  (  2  -    ---  j  . 

68.  Let  n,  ot  be  the  two  pressures  and  a  =  3^3, 

II  _    gm3 
273~273+*; 
.*.    n   :  rar  =  ?i3  :   l  +  at. 

69.  The  mercury  expands  till  it  fills 

J(l-0036)  =  '5018  of  the  vessel. 
.*.  the  air  now  fills  *4982  of  the  vessel. 
If  n,  w  be  the  pressures  of  the  air  at  0°  and  20°, 
n  x  *5      sr  x  -4982 


273  293 

ot  293 


n     273  X -9964 


=  1-07716. 


70.  Let  V  be  the  volume  of  a  given  mass  of  mercury  at  68° 
At  212°  its  volume  is  ££  V. 

The  volume  of  an  equal  mass  of  water  at  68°  is  13'568  V. 

At  212°  it  is  13-704  x  £#7. 

.-.  the  proportional  expansion  of  water  is 

13-704  x  70  - 13-568  x  69  =  23088 
13-568x69  "936192' 

= -02466...  =  y\  nearly. 

71.  The  area  of  the  surface  as  far  as  the  rth  plane 

=  — x  whole  surface. 
a 

h  2 
.*.  the  whole  pressure  on  this  part  =  -^  x  pressure  on  whole. 


h* 


a      V  n 
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72.  If  the  hexagon  be  divided  into  six  triangles  by  joining  the 
angular  points  to  the  centre,  and  if  a  be  the  depth  of  the  centre,  the 
depths  of  the  centres  of  gravity  are 

a     2a     4a     5a 

3'    "3  '    T1     3"* 
.*.  the  whole  pressures  are  in  these  ratios. 
The  centres  of  pressure  are  at  depths 

a     3a     Ha     Via      /a  ^. 

I»  T'T'  —  ■   (SeeP-207-) 

The  depth  of  the  centre  of  pressure  of  the  whole  hexagon  is 

1+2.2  +  2.4  +  5  18    ' 

73.  The  triangle  may  be  divided  into  a  number  of  small  triangles 
with  equal  bases  and  the  same  vertex. 

The  centre  of  pressure  of  each  of  these  is  f  its  length  from  the 
vertex. 

.•.  the  centre  of  pressure  of  the  whole  is  in  the  generator  of  the 
cylinder  which  passes  through  the  vertex  of  the  triangle,  and  divides 
that  generator  in  the  ratio  3:1. 

74.  Let  20  be  the  angle  between  the  planes,  2a  the  vertical  angle 
of  the  cone,  and  h  its  height. 

The  pressure  on  each  plane  face  is  ^wAHana. 

.*.  the  resultant  horizontal  pressure  on  the  curved  surface 

= \wJ$  tan  a  sin  0. 
The  resultant  vertical  pressure  =  \  tv0h3  tan2  a. 
. • .  the  resultant  pressure  =  \  wh?  tan  a  \/sin2  0  +  62  tan2  a. 
The  c.  g.  of  the  surface  is  at  a  distance  from  the  centre 

2   h  tan  a  sin  0 

3*           0         ' 
/.  the  e.g.  of  the  contained  fluid  (through  which  the  resultant 
pressure  acts)  is  distant  5 from  the  axis,  and  .*.  the  line 

joining  it  to  the   centre  of  the  base  of  the   cone  makes  an  angle 

.  2  tan  a  sin  0      ...    ,.  ,.    , 

tan-1 ^ with  the  vertical. 

0 

The  resultant  pressure  makes  an  angle 

tan-1-^ with  the  vertical. 

0tana 

/.its  line  of  action  passes  through  the  centre  of  the  base  if 

tan2  a  =4,  i.e.  if  a =45°. 

6—2 
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75.  Considering  the  triangle  of  forces  for  each  sphere  it  follows 
that  the  vertical  through  the  point,  0,  bisects  the  distance  between 
the  spheres. 

If  u  is  the  distance  between  0  and  the  middle  point, 

2u2+^=r2  +  r'2. 

If  6  is  the  inclination  to  the  horizontal  of  the  line  joining  the 

spheres, 

x2  _  x2 

r2  =  u2  +  -—+uxsm6,  r'2  =  u2  +  —  ±uxsin  6 ; 

r2  ~rf2  r2  ~  r'2 


2ux       x*j2(r2+r'2)-x2 
Also,  if  P  is  the  excess  of  fluid  pressure  over  the  weight  of  a  sphere 


tf>(*):i>:: 


x 


76.     Let  A  be  the  area  of  the  piston,  n  the  atmospheric  pressure, 
x  the  length  of  the  string  in  equilibrium. 

The  pressure  on  the  piston  is  -n .  A. 

x 


x=l 


r      <^UA 
1+    * 


UA 

x=\]la. 


]1 
x 


77.  If  z  be  the  depth  of  the  centre  of  pressure 

2z(a  +  b  +  c)  =  a2  +  b2  +  c2  +  bc  +  ca  +  ab. 

The  depth  of  the  centre  of  gravity  is  - — - — . 

a  +  b  +  c  _a?+b2  +  c2+ bc  +  ca  +  ab     a  +  b+o 
.'.    z  g—  2(a-\-b+c)  3 

a2  +  b2  +  c2-bc-ca-ab  ^(b-c)2  +  (c-a)2  +  {a-b)2 
6(a  +  b  +  c)  ~  12(a  +  6  +  c) 

78.  If  one  point  of  the  disc  of  radius  R  were  in  the  surface,  the 
centre  of  pressure  would  be  at  a  distance  -  R  from  the  centre. 

The  pressure  would  be  w.irR3. 

If  liquid  be  now  added  till  the  surface  is  raised  to  a  distance  h 
above  the  centre,  the  pressure  is  increased  to  iV7rR2.h,  the  moment 
about  the  horizontal  line  through  the  centre  being  unaltered,  since  the 
resultant  of  the  additional  pressures  acts  through  the  centre. 
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If  q  be  now  the  distance  of  the  centre  of  pressure  from  the  centre, 

Wn  R2 .  h  .  q  =  WttR?'  .  -  fit 
i  r     > 

or  q=pR2+hr. 

79.  If  the  mercury  rise  through  a  distance  x,  the  air  which 
originally  filled  a  space  A  +  kI  expands  so  as  to  fill  a  space 

Its  pressure  becomes  — y—  of  its  original  value. 

.-.   h(A  +  Kl)  =  (h-x){A  +  B+Kl-Kx). 
If  we  neglect  kx2  we  have 

hB  hB    T       K(l+h)-\ 

x~a+b+k(1+/i)~a+b\_     a+b  j  q-p* 

Writing  this  value  for  x  in  the  neglected  term  and  inserting  it, 

hB    r  l+h~\  h2B2  hB    r  Ah  +  (A+B)r\ 

*    A  +  Bl1     KA  +  BJ  +  K  (A  +  BfA  +  B  L       K       (A+B)2     J" 

80.  Let  0  be  the  angle  made  by  the  base  of  the  hemisphere  with 
the  vertical,  when  the  attached  weight  on  the  rim  is  just  in  the  surface 
of  the  water. 

The  volume  of  water  displaced  is  ' ■ — ^ '-  x  volume  of 

m 

hemisphere. 

If  w,  W  be  the  weights  of  the  hemisphere  and  of  the  water  which 
would  fill  it 

|w=i.Tr(l-cos0)2(2  +  cos0). 

Also  taking  moments  about  the  centre  (through  which  the  fluid 
pressures  pass) 

—  .  a  sin  6  =  w .  -  cos  6 ; 


•'•   C0S"=N75' 
.-.    (l-cos0)2(2+cos0)  =  ^5_=ii, 

Ov'<J 

.-.    W  :  ^=25^5  :  20^5-28. 

81.     Let  the  external  atmospheric  pressure  increase  till  the  water 
barometer  reading  is  B-\-u. 

Let  d  be  the  depth  of  the  top  of  the  bell  originally. 
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The  internal  pressure  is  -H  and  also  H+d+x. 

,\   hff=x(H+d+x). 

If  the  bell  be  free  to  move,  it  will  continue  to  displace  the  same 
volume  of  water,  i.e.  x  remains  unaltered. 

Let  y  be  the  amount  of  its  motion, 

h(H+u)=x[H+u+d+y+x]=hH+x(u+y)t 

h-x 

9  x 

If  the  bell  be  held  fixed,  let  z  be  the  fall  of  the  water  in  it.    Then 

h(Il+u)  =  (x+z)[.H+u  +  d+x+z] 

=hH+x(u+z)+z[H+d+x+u-z], 

Neglecting  squares  of  small  quantities 

_  h  —  x 

Z~U'R+d+2x} 

h  TT 
.\   y  :  z=ff+d+2x  :  x=x+ —  :  x=ffh+x2  :  x\ 

x 

82.     If  h  is  the  depth  immersed  and  if  w,  v/  are  the  intrinsic  weights 
of  the  liquid  and  pyramid, 

The  horizontal  pressure  of  the  liquid  perpendicular  to  the  dividing 

plane  is  wlc-rd.-,  and  the  centre  of  pressure  is  at  the  distance 

h 

-  from  the  hinge. 

.*.  the  moment  of  the  horizontal  pressure  about  the  hinge 

s=  \  w  -j-  =  £  w'ah2k. 

The  vertical  pressure  on  the  half-pyramid 

= weight  of  half-pyramid  =  %w'aVi. 

The  centre  of  gravity  of  the  half-pyramid  is  fa  from  the  dividing 

plane. 

3  k 
The  line  of  action  of  the  vertical  pressure  is  -  j  a  from  the  plane. 

O    lb 

.'.  in  order  that  the  parts  may  remain  in  contact, 
1    l9J     2    ..    3  h        2    9,    3 

or  k(2h2+3a?)>3a% 

3 


id_      f     3a2     \» 
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83.  Let  ABODE  be  the  pentagon,  A  being  the  lowest  vertex,  and 
A  F  the  perpendicular  from  A  upon  CD. 

Then,  if  g  is  the  side  of  the  hexagon, 

%=AF=c  cos  54° +c  cos  18°  =  2c  cos  36° .  cos  18°. 
The  depth  of  A  below  the  surface  being  a,  the 
depth  of  C  and  D  is  ^ ,  and 

depth  of  JB=|  +  csin72°  =  a^ti. 

Now  it  is  shewn  on  page  177  that,  if  a,  /3,  y  are  the  depths  of  the 
angular  points  of  a  triangle,  and  z  the  depth  of  its  centre  of  pressure, 
2z(a  +  P  +  y)  =  a2+P2+y*+py+ya  +  ap. 

Employing  this  formula  we  find  that  the  depths  of  the  centres  of 
pressure  of  ACD  and  ABC  are  respectively 

11  ,    5+V5 

— ;  a   and    _  ,    ,.  a. 
16  7+N/o 

Let  a  represent  the  area  ABC ; 

,/Yn.         AF.CF  a2tanl8°        ^5  +  1 

then  area  ACD=a.    ^^^a  ^  ^W=«  -f-. 

.         2 
The  depths  of  the  centroids  of  ACD  and  ABC  are  respectively  -  a, 

o 

and  ^(7+^/5). 

Hence,  if  z  is  the  depth  of  the  centre  of  pressure  of  the  pentagon, 

and.-.  2=^(29  +  3^5). 

84.  Let  h  be  breadth  of  quadrilateral. 

Depths  of  centres  of  pressure  of  ACD  and  ABC  are  f  A  and  |A, 
Pressures  on  .4CZ)  and  ^^C  are 

\wW.CD    and    Jrf.^lff. 
••.  depth  of  centre  of  pressure 

_\.\CD  +  \.\AB        ZCD  +  AB 
"      £££  +  1,4/?  4(7^  +  2^^^ 

.*.  it  divides  the  breadth  in  the  ratio 

3CD  +  AB  :  CD  +  ABt 
and  will  be  at  the  intersection  of  A  C  and  i?Z>  if 

3CD+AB     AB  ^ 
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85.  Let  v  be  the  volume  of  water  displaced  in  the  position  of 
equilibrium,  and  v  +  ky  the  volume  of  the  other  liquid  displaced  when 
there  is  equilibrium ; 

then  w=62-5v=62-5s(v  +  %). 

Placing  the  hydrometer  in  the  liquid  so  that  v  is  displaced,  and 

letting  it  go,  the  acceleration  when   it  has  descended  through  the 

space  x 

w-62'5s(v+kx) 
t= 2 l  oc  y-x. 

The  motion  is  therefore  the  same  as  that  of  a  particle  attracted  to 
a  centre  of  force,  the  force  of  attraction  being  proportional  to  the 
distance. 

Hence  the  hydrometer  will  descend  to  the  distance  2y, 

2(1 -j)      w_ 
ks      '  62-5 ' 

If  we  take  the  unit  of  weight  to  be  the  weight  of  a  cubic  foot  of 
water,  we  obtain  the  stated  result. 

86.  Let  r  be  the  radius  of  the  sphere,  x  the  depth  of  its  centre 
below  the  surface  of  the  water. 

The  distance  between  the  centre  and  the  plane  of  contact,  being  the 
sub-normal,  is  2a. 

Also  r2  =  4a(a  +  c). 

The  area  of  the  circle  of  contact  is  4irac. 

The  pressure  on  the  sphere  is  equal  to  the  weight  of  the  water 
which  would  be  contained  in  a  cylinder  whose  base  is  the  circle  of 
contact,  and  whose  height  is  x  +  2a,  together  with  that  contained  by 
the  segment  of  the  sphere  cut  off  by  the  plane  of  contact.  The  volume 
of  this  segment  is 

§?rr2  (r  -  2a)  -  £ .  2a  .  47rac, 

.• .     §  irr3  —  |  rrr2a  -  §  na2c + Arrac  (x + 2a) = § nr3. 

Using  the  above  value  of  r2,  this  gives  x=4a2/3c. 

87.  The  volume  of  air  in  the  room  is  4200  cubic  feet. 

.*.  when  the  barometer  falls  from  30  to  29  inches  ;rjr  of  this  leaves 
the  room. 

The  weight  is  therefore  that  of 

4200  x 1728       33  3 

^ x  r™  grains  =  ll  lbs.  2833-  grains  =  11 -4048  lbs. 

o\)  10U  O 
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88.  Let  29  r  be  the  angle  made  by  the  rth  bounding  radius  with  the 
surface,  and  let  there  be  n  sectors,  a  being  the  radius. 

The  area  of  the  first  r  sectors  is  a2dr. 

The  depth  of  the  centre  of  gravity  is  a  — ^ — -. 

ur 

.   .  .  '       r        na2   2a 

.  .  w.  a°sin2  6r=-  w .  s  . — , 

T 

sin2#r=-, 
or  the  rth  radius  makes  an  angle  2  sin-1     I  -  with  the  surface. 

89.  Let  h  be  the  height  of  the  cylinder,  a  its  sectional  area. 
The  pressure  on  the  conical  surface  when  it  is  uppermost  is 

w .  §a  .  3/i  =  2  loah. 
When  it  is  lowest  it  is 

Wah  +  \wa .  3h  =  2wah. 

33 

90.  The  weight  of  the  air  in  the  balloon  is  that  of    —  grains,  (see 

Ex.  87),  and  the  weight  of  a  cubic  inch  of  water  is  therefore  that  of  • 
264  grains. 

33 

At  a  depth  x  the  balloon  displaces  -  cubic  inches  of  water,  the 

33  -\-x 

33 

weight  of  which  is  that  of  x  264  grains. 

33  -j-  X 

The  weight  of  the  lead  in  water  is 

A      80\,™     5200        •         i 

.    5200     25  =  _^3_ 
"     57       72     33+ x' 

.'.  #=62-14...  feet. 

91.  If  v  is  the  volume  of  the  hydrometer  at  first,  and  v'  after  ex- 
pansion, and  if  p  and  p'  are  the  densities  of  the  fluid, 

p  (V  —  KX)  =  p'  (V  —  KXj)  =  p'  (v'  —  kx2)> 

,',  i/  —  v  =  k(x2-x1)  and  (  —,  —  1  j  v  =  k(x-Xj). 

i/-v     l/p'-l/p 
.-.  —^-  :  -    ljp      ::  x%-x±  :  x-xv 
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92.  The  resultant  pressure  of  the  liquid  is  in  the  vertical  through 
the  centre  of  the  hemisphere,  and,  taking  moments  about  the  centre 

fa  sin  6  .  W=c  cos  6 .  w. 

93.  Let    U  and  V  be  the  volumes  of  the  hemisphere  and  the 
cylinder,   W  the  weight  of  the  float. 

Then  taking  the  hemisphere  as  the  lowest  portion, 
W=(U+  V)  w=  U.  3w=(u+Z  v\  2w. 
.-.  x  :  h  ::  1  :  4. 

94.  Let  p  be  the  pressure  of  the  air  forced  in, 

t  the  tension  in  the  material  of  the  tube, 
-  is  the  radius  of  the  portions  which  are  not  in  contact 
with  the  sides  of  the  triangle. 

,\  —  is  their  length. 

If  a  be  the  length  of  the  side  of  the  triangle,  the  portion  in  contact 

vith  each  side  is  a  —  2  J3  - . 
P 

The  original  circumference  of  the  tube  was  -^ , 
0    ,    T27T     6V3"1      war.  ,  n 

whence  t  is  determined  and  thus  the  other  quantities  required. 

95.  Let  I  be  the  length  of  the  faulty  barometer, 

y  the  true  reading  when  its  reading  is  c. 
A  length  I  —  a  of  the  tube  is  filled  with  air  at  a  pressure  a  —  a. 
A  length  I  -  b  of  the  tube  is  filled  with  air  at  a  pressure  /3  -  b. 
A  length  I  — cot  the  tube  is  filled  with  air  at  a  pressure  y-  c. 
...  (l-a)(a-a)  =  (l-b)((3-b)  =  (l-c)(y-c), 
l(a-p-a  +  b)  =  a(a-a)-b(p-b). 
.  (q-6)Q3-6) 

(a-o)(a-.a)-(6.c)Q8-6) 

nTMi  *     f     (g-«)(a-a)  (q-q)p-6)(a-6) 

ana  y    o-       ^  ~(a-c)  («-a)-(6-c)  (p-b)' 
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96.  See  Chap.  VIII.  Ex.  9. 

97.  Any  such  area  as  AnA1A2A3  must  be  a  maximum  consistently 
with  keeping  its  sides  constant. 

.•.it  must  be  inscribable  in  a  circle,  and  hence  the  whole  polygon 
is  inscribable  in  a  circle*. 

If  R  be  the  radius  of  this  circle, 

ft_     °i     __     C2     __     C3    _ 
sinax     sina2     sina3 

This  problem  however  can  be  solved  without  assuming  the  property 
of  the  maximum  area. 

The  fluid  pressure  being  normal  to  the  surfaces,  and  the  same  at  all 
points  of  the  same  horizontal  plane,  the  problem  at  once  resolves  itself 
into  the  equilibrium  of  a  polygon  of  jointed  rods,  in  one  plane,  the  rods 
being  acted  upon,  outwards,  by  normal  forces  at  their  middle  points, 
proportional  to  their  lengths. 

Consider  the  equilibrium  of  four  of  the  rods  forming  the  polygon 
A1A2A3Ai.  Taking  any  one  rod  AxA2i  the  resultant  of  the  stresses  at 
Ax  and  A2  must  bisect  the  rod  at  right  angles. 

These  stresses  are  therefore  equal,  and  consequently  it  follows  that 
the  stresses  at  all  the  joints  are  the  same. 

Let  6  be  the  inclination  to  A^AX  of  the  stress  at  A2  or  Al7  <\>  the 
inclination  to  A2A3  of  the  stress  at  A2  or  A3i  and  \js  the  inclination  to 
Az  of  the  stress  at  A3  or  A±. 

Then,  pr  being  the  force  on  a  rod  of  length  r,  and  R  the  stress  at 
each  joint, 

p.A1A2=2Rain6)  p .  A2A3=2R  ain  <f>,  p .  A3A^=2R sin^. 

sin  6      sin  <\>     sin  yjr ' 

Let  the  straight  line  through  A2  at  right  angles  to  the  direction  of 
R  intersect  in  0  the  straight  line  bisecting  AXA2  at  right  angles,  and  in 
Q  the  straight  line  bisecting  A2AZ  at  right  angles. 

Then  J^C^-^J^gCosec  6  =  \A2A3cosec  <f)=A2Ofi 

and  therefore  0  and  O  are  coincident,  and  0  is  the  centre  of  the  circle 
passing  through  AXA2A3. 

Moreover,  0A2  and  0A3  are  perpendicular  to  the  directions  of  R  at 
A2  and  A3i  so  that  these  directions  are  tangents  to  the  circle. 

Again  it  can  be  shewn,  in  exactly  the  same  manner,  that  the 
straight  line  bisecting  A3A±  at  right  angles  passes  through  the  point 
0. 

*  A  simple  proof  of  this  well-known  theorem  is  given,  with  the  aid  of 
Trigonometry,  and  without  infinitesimal  changes,  by  Mr  R.  Chartres  in  Vol, 
lviii.,  page  35,  of  "  Solutions  from  the  Educational  Times," 
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Hence  it  follows  that  Au  A2,  A3i  A±  are  coney  clic,  and  therefore 
that  all  the  angular  points  of  the  polygon  are  concyclic. 

Finally,  each  of  the  expressions  ^cosec  alt  c2coseca2,  &c,  repre- 
sents the  diameter  of  the  circle. 

98.  Taking  the  width  of  the  bridge  as  the  unit  of  length,  let 
AB  =  2<z. 

Then  if  W  is  the  moveable  load,  and  if  y  is  the  depression  caused  by 
placing  W  at  G, 

W=  2ayw. 

Now  shift  W  from  G  to  0  and  let  6  be  the  angular  tilt ;  then 
W.CG  =  <2w.%a26.%a, 
and  if  y  is  the  rise  of  A,  y  =  AG .  6. 

.'.  CG .  AG  is  constant,  equal  to  X  say. 
Similarly  BG.  GD  and  PG  .  GQ  are  each  equal  to  the  same  constant. 
In  the  last  case,  if  $  is  the  angular  tilt, 

y=QG.<i>. 
The  depression  of  R  due  to  load  at  P 

=  QR.c\>=^.  y=lQR .  PG  =  y-(QG+GR)  PG=y  +  ^GR.  PG. 

When  load  is  placed  at  R,  let  Q*  be  the  point  which  is  unaltered  in 
level,  and  let  \js  be  the  angular  tilt;  then  y  =  Q'G .  \f/,  and  Q'G .  RG=\. 

.'.    depression  of  P=PQ' .  ty^jL .  y=  I PQ' .  RG 

=  y  +  ^GR.PG. 

99.  Let  S  be  the  area  of  the  shell,  A  that  of  the  elliptic  lamina. 
Then  S  sin  a  =  A  sin  0, 

since  the  projection  of  each  on  a  plane  perpendicular  to  the  axis  of  the 
cone  must  be  the  same. 

If  the  rim  be  divided  into  small  parts  and  the  points  of  division 
joined  to  the  vertex  and  the  point  where  the  axis  cuts  the  base,  the 
small  triangles  so  formed  are  not  only  in  the  constant  ratio  of  sin  8  to 
sin  a,  but  have  their  centres  of  gravity  at  the  same  depth.  Hence  the 
e.g.  of  the  shell  and  lamina  being  at  the  same  depth,  the  whole  pres- 
sures vary  as  their  areas,  i.e.  are  as  sin  8  to  sin  a. 

Let  h  be  the  length  of  the  axis  cut  off  by  a  plane  through  the  point 
of  the  rim  nearest  the  vertex  perpendicular  to  the  axis,  2a  the  major- 
axis  of  the  lamina. 

a  sin  6  —  h  tan  a 
=  distance  of  the  e.g.  of  the  shell  or  lamina  from  the  axis. 
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.*.  if  W  be  the  weight  of  shell  and  lamina,  w  that  of  the  attached 
particle,  the  shell  will  float  with  axis  vertical  if 

w .  h  tan  a  =  W.  (a  sin  6  —  h  tan  a). 

2a  sin  2a 

ISOW  I =*— — 73 r, 

h  sec  a      sin  (d  -  a) 

or  -  =  sin  0  cot  a  -  cos  6. 

a 

.'.  we  require  that 

w  (sin  6  -  cos  0  tan  a)  =  W  [cos  0  tan  a], 
w  tan  a 


or 


W     tan  0-  tan 


If  the  liquid  be  sufficiently  dense,  it  is  clear  that  the  rim  may  be 
entirely  out  of  the  liquid  and  in  that  case  the  e.g.  of  the  displaced 
liquid  is  in  the  axis  of  the  cone. 

100.  If  2a  be  the  angle  between  the  rods,  vf,  w  the  intrinsic 
weights  of  the  rods  and  water,  6  the  small  angular  displacement, 

av/=cw. 

The  length  of  one  rod  immersed  increases  to 

c  cos  a  sec  (a  +  6)  or  c  (1  +  6  tan  a). 

The  moment  about  A  of  the  liquid  pressure  upon  it 

=hvc2  (1  +  6  tan  a)2  sin  (a  +  6) 

= %wc2  {sin  a  +  6  (sec  a  +  tan  a  sin  a)} . 

Putting  —  0  for  6  and  subtracting,  the  resultant  moment  of  the 
liquid  pressure  on  the  two  rods 

=•  wc2S  (sec  a  +  tan  a  sin  a). 

The  resultant  moment  of  the  weights  of  the  two  rods 

—\afa .  a  sin  (a  -f  6)  —  \\da .  a  sin  (a  -  6)  =  w'a2  cos  a .  #. 

.*.  the  equilibrium  is  stable  if 

wc2  (sec  a  +  tan  a  sin  a)>w'a2  cos  a, 

or  C  (sec  a  +  tan  a  sin  a)>a  cos  a, 

or  c  (3  -  cos  2a)  >  a  (1  +  cos  2a). 
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Examples. 

1.  (1)  The  pressure  on  a  square  foot=the  weight  of  100  cubic 
feet  of  water 

=  6250  lbs.  weight  =  201,250  poundals. 

The  pressure  on  a  square  centimetre = the  weight  of  3047*97  cubic 
centimetres  of  water 

=  3047-97  grammes  weight =2,990,058*57  dynes. 

(2)  There  is  an  addition  to  the  pressure  per  square  foot  of  the 
weight  of  33  cubic  feet  of  water 

=  2062*5  lbs.  weight  =  66,41 25  poundals. 

.*.  Total  pressure =267,662*5  poundals. 

On  a  square  centimetre  there  is  an  additional  pressure  of  33  per 
cent.  =  986,719*3281  dynes. 

.-.  Total  pressure  =  3,976,777*8981  dynes. 

2.  The  pressure  on  the  base = weight  of  half  a  cubic  foot  of  olive 
oil  -f  weight  of  half  a  cubic  foot  of  alcohol 

= J  [*9  +  #8]  x  weight  of  a  cubic  foot  of  water 

=  *85  x  2012-5  poundals  =  1710-625  poundals. 

On  the  upper  half  of  a  side  the  pressure  is  equal  to  the  weight  of  a 
column  of  alcohol  3  inches  in  depth  and  half  a  square  foot  in  area,  i.e. 

=  1  x  -8  x  2012*5  poundals  =  201 -25  poundals. 

On  the  lower  half  of  a  side  the  pressure  is  equal  to  the  weight  of  a 
column  of  alcohol  6  inches  high  and  of  olive  oil  3  inches  high  on  a  base 
of  half  a  square  foot 

=[J  x  -8  +  1  x  *9]  x  2012*5  poundals 

=  •3125  x  2012-5  poundals  =  629*00625  poundals. 

.-.   Total  pressure  on  a  side  =  830-25625  poundals. 
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3.  14|  lbs.  weight  per  square  inch 

=  14^-7-  "0022  grammes  weight  on  f  j   sq.  cm. 

29  x  (-3937)2  x  981  . 

h^oh — dynes  per  sq- cm- 

=  l,002,l78-6774568i  dynes  per  sq.  cm. 

4.  Resultant  horizontal  pressure  on  the  curved  surface  =  that  on 
the  plane  surface = weight  of  a  cylinder  of  the  fluid  of  height  10  cm. 
and  base  1007T  sq.  cm. 

=  13-568  x  IOOOtt  x  981  dynes 
-41,815,349-4528  dynes  (taking  n= 3'1416). 
Resultant  vertical  pressure 

2 

=weight  of  -7r  x  1000  cub.  cm.  of  the  liquid 
o 

=  13-568  x  ?999JL  x  98i  dynes  =  27,877,232-96853  dynes. 

o 

5.  The  new  pressure  =  1728  x  15  lbs.  weight  per  sq.  inch 

=  834,624  poundals  per  sq.  inch. 
Now  1  cm.  =  -3937  inch. 

.*.  1  sq.  cm.  =  *155  sq.  inch  (nearly). 
.*.  This  pressure 

=  834,624  x  13825  x  -155  dynes  per  sq.  cm. 
=  1,788,494,904  dynes  per  sq.  cm. 

6.  Pressure  of  atmosphere  on  a  sq.  inch 

= weight  of  30  cub.  inches  of  mercury 

13-568x30x2012-5  ,  .       -lfi->Ai  ,  . 

= -— poundals  =  474*05  poundals. 

Height  of  barometer  =  2£  x  30'4797  cm. 
=  76-2  cm.  (q.  p.). 
Pressure  on  a  sq.  cm.  =  weight  of  76*2  cub.  cm.  of  mercury 
=  76-2  x  13-568x981  dynes  =  1,014,237-85  dynes  (q.  p.). 

7.  The  internal  pressure  exceeds  the  external  pressure  by  6*56  lbs. 
weight  per  sq.  inch 

=  211*232  poundals  per  sq.  inch. 

.*.  Tension  per  linear  inch  of  the  curved  surface  of  the  cylinder 
=  211  -232  r  poundals, 
r  being  the  radius  of  the  cylinder. 

8.  The  atmospheric  pressure  is  one  megadyne  per  sq.  cm.  (vide 
Errata  in  Treatise). 
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The  excesses  of  internal  pressure  over  that  of  the  atmosphere 

are : — 

...     2x80     0.  , 

(1)     — ■= —  =  80  dynes  per  sq.  cm. 

2  x  30 
(ii)  =24  dynes  per  sq.  cm. 

These  are  in  the  ratio  10  :  3. 

The  masses  are  proportional  to  the  products  of  the  pressure  and 
volume,  and  are  therefore  in  the  ratio 

1,000,080x8  :  1,000,024x15-625 
=  1,600,128  :  3,125,075  =  1  :  2  nearly. 

9.  When  floating,  a  length  al/p  feet  is  immersed.  "When  totally 
immersed,  the  force  required  to  hold  it  down  exceeds  its  weight  by  the 
weight  of  a  volume 

p-o- 
P 
i.e.  by  (p  -  a)  g*l  poundals. 

The  average  force  exerted  in  depressing  it  is  one-half  of  this 
amount. 

.*.  Work  done =  -(p-o-) gdx- — -I 
a  p 

=  -gKl2  — foot-poundals. 

2,  p 

10.  In  this  case,  let  x  be  the  distance  through  which  the  block 
must  be  depressed,  in  order  to  be  wholly  immersed. 

Then  - l—x  is  the  rise  of  .the  water- surface. 

P 

.%    kx  =  (k'  —  k)  \P— -l-xi, 

.-.  Work  done  =  j^2  f1  ~f)  ^^  foot-poundals, 
the  average  force  exerted  being  the  same  as  in  (9). 

11.  Force  required  to  raise  the  block  so  long  as  it  is  totally  im- 
mersed =g  (o-  -  p)  d  poundals. 

.'.  Work  done  in  lifting  the  block  till  its  upper  surface  is  in  the 
surface  of  the  water 

=9  (°"  —  p)  d  (A—  I)  foot-poundals. 
In  raising  it  out  of  the  water,  the  work  done  is 

\  {gall  +g  (a-  —  p)  Jcl)  I  foot-poundals. 
.*.  Total  work  done =g  (a  -p)klh  +  \gpkl2  foot-poundals. 
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Examples. 

1.  We  have  (see  Art.  200) 

.  • .  when  ON  remains  constant,  the  difference  of  pressure  varies  as 
the  difference  of  the  values  of  QJV2. 

2.  Let  I  be  the  latus  rectum  of  the  vessel, 

-2  is  that  of  the  liquid  surface, 
or 

The  volume  of  a  paraboloid  being  one-half  that  of  the  cylinder  on 
the  same  base  and  of  the  same  height,  the  surface  of  the  fluid  must 
bisect  the  axis  of  the  vessel. 

,\  r  being  the  radius  of  the  rim, 

'2  =  2.    + 


I  ~       2#/o>2' 
.'.  tf  =  g/l 

3.  Let  a  be  the  angular  velocity  of  rotation, 

h  the  height,  r  the  radius  of  the  cylinder, 

x  the  depth  immersed, 

<r,  p  the  densities  of  solid  and  fluid. 

P         ±9 

4.  The  common  surface  must  be  a  surface  of  equal  pressure  in 
both  liquids,  which  is  possible,  since  the  latere  recta  of  the  surfaces 
of  equilibrium  are  independent  of  the  densities  of  the  fluids. 

The  surface  is  .*.  a  paraboloid  of  revolution. 

B.  E.  H.  7 
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5.     If  the  paraboloiclal  surface  touches  the  surface  of  the  cone  at 
the  rim, 

h2  tan2  a  =  -„  .  -  and  .*.  <u2  =  7  cot2  a. 
a>2     2  h 

If  a)  <  cot  a      I  j ,  the  depth  of  the  vertex  of  the  paraboloid  below 

the  rim  of  the  cone 

=  r2-^-~  =  — —  ,  where  r = A  tan  a, 
co2       2a 

a>2r2 
and  the  volume  which  runs  over  =i7rr2.  ~ — . 


If  o)2=|  cot2  a,  this  is  |tt£3  tan2  a. 


If  <u2  >^  cot2  a,  the  liquid  left  in  the  cone  will  touch  its  surface  in  a 
circle  of  radius  2x  tan  a,  such  that 

(2x  tan  a)2  =  —{  x 

Hence  x=gco\?  a/2a>2,  and  the  volume  of  liquid  left  in  the  cone 
=  Inx2  tan2  a .  2x  -  ^nx3  tan2  a 
_  7r  #3cot4a 
~48       ^— • 

G.  If  x  is  the  part  of  the  axis  not  immersed,  and  a  the  radius  of  the 
bowl,  the  quantity  which  runs  over  is  ^naPx,  where  #=-■--,  and  is 

,,  „  7TC02a4 

therefore  — - — -  . 

4<7 

7.  Let  P,  #  be  the  free  surfaces  of  the  liquid  in  the  tube,  A  NM  the 
axis  of  rotation,  G  the  centre  of  the  ellipse.  Then  PQ  passes  through 
C,  the  tube  being  half  full. 

Draw  PN,  QM,  Clt,  perpendicular  to  the  axis  of  rotatio. 

PN2=% .  AN,       Q1P=% .  AM  j 

8.  If  we  imagine  the  cylinder  extended  and  the  free  surface  com- 
pleted to  the  curved  surface  of  the  cylinder,  we  see  that  the  pressure  on 
the  upper  end  is  equal  to  the  weight  of  a  volume 

%na2 .  ^ —  of  liquid, 

..  .  o    aV  ,  , 

i.e.  it  is  9P*a  .   j—  poundals. 
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[a2(02  ~| 

~d 1"  ^    • 

The  whole  pressure  on  the  curved  surface 

.      f",       o>2a2~\  /.       a)%2\      .         a>2a2  w2a2 

-i»  [A  +    2^-J  •  ft«  ^  +  -2-  J  "  few  •  -^  •  2^ .  -^ 

=gpirah  (  h  -\ j  . 

9.     If  W  be  the  weight  of  the  bowl,  a  its  radius, 

W  together  with  the  weight  of  fluid  in  the  bowl  must  be  equal  to  the 
weight  of  fluid  in  a  cylinder  on  the  same  base  as  the  hemisphere  and 
having  a  length  a  of  its  axis  immersed  in  rotating  fluid. 

,\    II7  +  yPna2  =gpna2  U+^J; 


••  WmT*\t+-w)- 


10.  Let  r  be  the  distance  of  the  cork  from  the  axis,  w,  W  the 
weights  of  the  cork  and  of  the  water  it  displaces.  The  fluid  pressure 
is  equivalent  to  a  force  vertically  upwards,  equal  to  W,  and  a  force  to 

W 

the  axis  equal  to  —  a>2r. 
9 

Let  T  be  tension  of  string,  and  6  its  inclination  to  the  vertical. 

Then  T  cos  6  =  W  -  w,    and  —  a> 2r  -Tsm0  =  -  *>2r, 

9  9 

W  w 

so  that  —  a)2r  cos  6—  -  a>2r  cos  6  +  (  W-  w)  sin  6. 

9  9 

If  a  be  the  radius  of  the  cylinder,  and  I  the  length  of  the  string, 

a  —  r  + 1  sin  6. 

These  equations  determine  r  and  8. 


11.     a)  being  the  required  velocity, 
9     ifflJ 

\  a>=*j2,gh/a. 


%h.na2  =  $°^-  .no? 


12.     In  this  case  we  have 


,  <o2A2       h*_ .    h       h* 


"VI- 


7—2 


100  CHAPTER    XIV. 

13.  If  --  ^>  -^f  a,  i.e.  <o  :)>  2\/2g!at  the  free  surface  does  not  intersect 

the  middle  tube  and  .-.no  liquid  flows  out. 

When  (o  =  2\/2g/a  the  vertex  of  the  paraboloidal  free  surface  is  at 
the  point  of  intersection  of  the  axis  of  rotation  and  the  middle  tube. 

The  whole  pressure  on  tube  at  rest 

=  \gpa  x  surface  of  tube. 

The  pressure  on  the  middle  tube  when  rotating  is  \  of  what  it  was 
before,  since  the  area  of  the  segment  of  the  parabola =§  area  of  circum- 
scribing square. 

.*.  whole  pressure  on  tube  =  ^gpcc  x  surface  of  tube. 

14.  Let  AB  be  a  section  of  the  surface  of  equal  pressure  which 
cuts  the  sphere  (centre  0)  at  right  angles  at  P.  OAJV  being  the  axis  of 
rotation 

PW=%AN=Ze.ANi 

or 
„     .    _  CCOS0 

.*.  c2sm20=3c. — - — . 
22 

The  real  root  of  which  is  given  by  cos  6=\. 

Pressure  at  P=pressure  at  A  —gp  .  AE 

c  cos  #N 


=  gpy- 


=i9 'P°- 


15.  Suppose  the  free  surface  continued  above  the  lid  ;  volume  of 
fluid  above  lid 

o     <«>2a2       ,      to     0)2b2  .    _       ,       0)262        7T&)2  .    „       ,  9N„ 

The  weight  of  this  is  the  upward  pressure  on  the  lid,  and  the  centre 
of  pressure  is  the  centre  of  the  lid,  i.e.  its  e.g.  The  whole  volume  of 
fluid  in  the  cylinder 

z         2g       4/7  ' 

.-.  weight  of  lid  :  weight  of  fluid  =  a2-Z>2  :  a2  +  b2. 

16.  Replace  the  spheres  by  vertical  columns  of  liquid  of  length  b. 

The  free  paraboloidal  surface  will  pass  through  the  tops  of  these 
columns,  and  intersect  the  axis  at  the  depth  os  below  the  centre,  such 
(hat  cfaf-fy  (b+s). 
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The  pressure  in  the  tube  at  the  depth  y  below  the  centre 

-§{»-M)'}. 

which  is  greatest  when  y=ga>~2. 

17.  If  T  is  the  centre  of  the  face,  we  have  to  find  the  point  of 
contact  with  the  face  of  a  paraboloid  of  latus  rectum  2gla>2,  the  axis  of 
which  is  in  the  vertical  through  T.  If  P  is  the  point  of  contact  and 
PJY  .its  ordinate,  and  A  the  vertex  of  the  paraboloid, 

PN=2AN cot  a,      PN2  =  %AN; 
(a1 

/.  PJV^Uma,  andPT^V^. 
or  &>^  cosJ  a 

18.  Since  the  volume  of  the  paraboloid  is  one-half  that  of  a  cylinder 
of  the  same  base  and  height,  the  depth  of  the  vertex  of  the  paraboloid 

when  the  water  reaches  the  rim  is  — , 

n  ' 

•    a2  =  -%  .  —  . 


19.     The  depth  of  the  vertex  of  the  paraboloidal  surface  when  the 
water  has  ceased  to  flow  over  is   zr—  . 

The  volume  of  water  which  has  run  over  is  .*. 

1         I     r"£°2         1         4     2/ 


r<o* 


.J1 
*  —  x  volume  of  hemisphere. 


.*.  the  pressure  on  the  table  :  original  weight  of  liquid 


/'go 


=  l-f~:l  =  8<7-3a,V;8<7. 


rV- 


20.     The  free  surface  would  cut  the  cylinder  at  a  distance    , 

2g 
above  the  top ; 


.*.  the  pressure  on  the  top  is 

4#  ~4    g 


a        „  rV2      a  r4co2 


2a  being  the  angle  of  the  wedge. 
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21.  We  have  to  find  the  weight  of  the  liquid  which  would  till  the 
space  between  the  cone,  vertical  lines  through  all  points  of  its  base,  and 
a  paraboloidal  surface  of  latus  rectum  2g/eo2  and  vertex  at  the  vertex  of 
the  cone. 

If  k  be  the  height  of  such  a  surface  above  the  vertex,  h*  tanaa  =  -^  jfe. 

The  required  weight  :  that  of  the  fluid  in  the  cone  as 

2A  ,  h  t  h 
3  +2  :  3' 

.-.  &=§A,  and  3Aa>2=4#  cot2 a. 

22.  If  P  is  a  point  in  the  free  surface  we  find,  by  considering  the 
motion  of  an  element  as  in  Art.  199,  that 

to2 .  NO  is  constant. 
If  a) .  PJV  x-  - ,  co2PJV  is  constant, 

CO 

.-.  PNkNG, 

.'.  the  surface  is  that  of  a  right  circular  cone. 


CHAPTER  XV. 
Examples. 

1.  If  the  required  point  divide  the  side  of  the  cone  in  the  ratio 
x  :  1  -  x,  h  being  the  height,  2a  the  angle  of  the  cone, 

the  water  issues  with  a  vertical  velocity  upwards  \J2glix  sin  «  and  a 
horizontal  velocity  \]2ghx  cos  a. 

If  it  is  to  fall  just  outside  the  base,  the  time  of  flight  must  be 
(L—x)h  tan  a 
\j2ghx  cos  a 
.'.  (1  -x)  A  =  the  vertical  space  described  in  this  time, 

.    ( 1  -  xfh2  tan2  a       i     .      .         (1  -  x)  h  tan  a  m 
"  ~-g      2ghx  cos2  a  9  lX  Sm  a  '    ^Jkxcoaa  ' 

.      (l-^)tan2a     ,      „ 

.  *.  1  =  -— ; — — 1 tan2  a, 

4x  cos2  a 

or  ( 1  -  x)  tan2  a  =  4x. 

_    tan2  a 

•'*  ^~4  +  tan2a' 

2.  Taking  the  case  of  a  hole  at  an  angular  distance  6  from  the 
highest  point  of  the  circle. 

Its  depth  is  a  (1  —  cos  6). 

.*.  the  time  of  falling  to  the  level  of  the  lowest  point  is 

r2«(l+cosfl) 

9 

.'.  the  distance  from  the  plane  face  of  the  point  where  the  fluid 
from  this  hole  meets  the  horizontal  plane  through  the  lowest  point  is 


s- 


\/2ga  (1  -  cos  6) .  a/  —  (1  +  cos  6)  =  2a  sin  6. 
The  horizontal  distance  from  the  centre  is  a  sin  6. 


rt 


A      |! 

1 

II. 

• 

■ 

. 

" 

' 

' 

' 

./  /' ' 

1,1.  ..I 


/  ■•' 
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9.     If  F  be  the  friction  when  v  is  the  velocity  and  a  the  area  of 
wetted  surface, 

F=k.av\ 

When  v=12anda  =  l,     F=l,     .-.  k=fo 

Thus  when  v  =  3,     a=nx^x  5280, 

F=  T}j  x  7  x  440tt  x  9  =  ~K  lbs.  wt. 

The  work  done  against  friction  is  — ^—  x  3  ft.  lbs.  per  sec. 

rru    i  *  •    385tt      3        21 

The  loss  of  H.  p.  is  -£-  .  —  =  —  tt=3-3  h.  p.,  q.  p. 

J.0.     A  volume  2nAl  is  pumped  out  per  minute. 

.*.     -„     is  the  velocity  per  minute  with  which  it  issues. 

11.  The  accelerations  down  the  plane  in  the  two  cases  are 

<7(sina  +  /xcosa),     g  (sin  a  -  /x  cos  a). 

In  the  first  case  let  the  normal  to  the  free  surface  be  inclined  to  the 
plane  at  the  angle  8. 

Then  since  the  resultant  fluid  pressure  R  on  an  element  m  in  the 
surface  and  the  weight  mg  have  for  their  resultant  the  force 

mg  (sin  a  +  /x  cos  a) 

parallel  to  the  plane,  it  follows  that 

R  cos  8  +  mg  sin  a  =  m#  (sin  a  +  it  cos  a), 

and  j£  sin  0  —  mg  cos  a = 0, 

.'.  tan  ^=it_1  =  cotX,  if  X  is  the  angle  of  friction. 

Similarly,  in  the  second  case,  tan  0  =  -  cot  X  ; 

.'.  the  angle  between  the  two  directions  is  2X. 

12.  Let  fx  be  the  acceleration  of  the  train  when  ascending  and/2 
when  descending. 

Then   if  Mf  is   the  resultant  of  the  pull  of  the  engine  and  the 
resistance, 

Mfx  =  Mf-  Mg  sin  a,     Mf2  =  Mf+  Mg  sin  a. 

Then,  if  8  is  the  inclination  to  the  vertical  of  the  normal  to  the  free 
surface  when  the  train  is  ascending, 

tan  8  (g  +/x  sin  a)  =ft  cos  a  (Art.  212). 

If  0  is  the  inclination  when  the  train  is  descending  it  follows,  by 
the  same  process  of  reasoning  as  that  of  Art.  212,  that 

tan  (f>  (g  —  /„  sin  a)  =/2  cos  a. 
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We  hence  obtain 

tana  =  C0S"(/-^sina),     W  =  C03a^S1i^, 
g  cosJ  a+/sm  a  9  cos  a  ~/  ym  « 

and  it  follows  that 

tan(0-0j=tan2a. 

13.     If/  is  the  acceleration  we  have  as  in  Ex.  12, 

tan  0  (g  +/sin  a)  =/cos  a,     tan  0  (g  —/sin  /3)  =/cos  /3. 

,T  /     if' sin /3- J/"  sin  a 

Now  = ij>  ,    ir ) 

g  Jf  +  M 

.*.  if  M'  :  J/"=seC)8  :  sec  a, 
/_  sin  |  Q3- a) 
#      cosJO  +  a)' 
and  we  then  find  that 

tan  B==  tan  0  =  tan  "— - — . 


14.  The  velocity  of  the  particle  on  reaching  the  fluid  is  \/2ga  cos  a, 
a  being  the  radius  of  the  axis  of  the  tube. 

Let  ra,  M  be  the  masses  of  the  particle  and  fluid,  which  we  shall 
suppose  inelastic,  u  the  velocity  acquired  by  the  fluid. 

Then  (m  +  M)  u  =  m^/2ga  cos  a, 

.*.  u  =  — —^,\/2gacosa\ 
m  +  M  v   y 

At  a  distance  8  from  the  particle,  the  impulsive  pressure  is  such  as 
to  produce  the  velocity  u  in  the  portion  beyond  that  point ; 

.*.  the  impulse         ==  -^ —  Mu=(  1  —  — - )    " \JZqa  cos  a. 

r  2a  \        2a J  M+m      ,J 

15.  Let  h  be  the  height,  r  the  radius  of  the  cylinder. 

The  impulsive  pressure  at  a  depth  x  is  such  as  to  destroy  a  velocity 
v  in  a  column  of  fluid  pf  height  x  and  .\  =  px .  v. 

The  whole  impulse  on  the  curved  surface 

=  vp  .  2nrk  .  -  =  vpnrh2. 

16.  The  impulse  at  the  depth  x  below  the  vertex  is  pvx. 

If  h  is  the  height  of  the  cone,  the  resultant  impulse  on  the  base 
=  /}r7iAJtan2  a,  and  the  whole  impulse  on  the  curved  surface 

—  pv .  i>Ii2  tan-  u  C0S6C a .  fyi.     (Art.  215.) 

If  t  is  the  impulsive  tension  at  the  depth  x  in  direction  of  the 
generating  lines,  27r.r  tan  a .  t  cos  a  =  resultant  vertical  impulse  on  curved 
surface  =  \pv-nx-''  tan2  a. 
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17.  The  impulsive  pressure  on  the  cork  is  sufficient  to  cause  an 
equal  volume  of  water  to  move  with  the  velocity  imparted  to  the  vessel. 
The  cork  being  lighter  than  water,  the  velocity  it  acquires  is  greater 
than  that  of  the  vessel  and  the  contained  water. 

18.  If  ^  is  the  deviation  from  the  central  radius  of  the  normal  to 
the  surface  of  the  water,  which  is  flowing  without  any  acceleration  in 
the  direction  of  its  motion,  then,  as  in  Art.  205, 

sim/.  :  sin^  ::  vfi-j^  :  g, 

,      .  <oV      2000  x  5280  /         2tt         \2       . 
'•■  *  =  *T  = g U*60x6o)  =***neariy- 


19.  The  pressure  of  the  pipe  on  the  water  is  pv2/r  per  unit  length, 
r  being  the  radius  of  the  circle. 

.  * .  the  tension  =  press  ure  x  radius = p  v2. 

Since  this  is  independent  of  the  curvature,  the  second  part  follows 
immediately. 

20.  The  momentum  destroyed  is  that  of  the  fluid  as  it  enters  the 
bucket  diminished  by  its  vertical  momentum  as  it  issues  from  the 
aperture  in  the  base  of  the  bucket. 

The  mass  which  falls  into  the  bucket  in  one  second  is  ^  lb.,  and  its 
velocity  in  feet  per  second 

=  {900  +  16#  = 37-619, 

the  vertical  velocity  of  the  issuing  fluid 

=  V^.  ^2  =  5-674. 

.*.  the  extra  downward  pressure,  which  is  the  rate  of  destruction  of 
momentum, 

=  iV  (37*619 -5-674)  poundals  =  2-129  poundals  = '066  lbs.  weight. 


MISCELLANEOUS  PROBLEMS.    II. 


1.  Let  28  be  the  angle  made  by  the  rth  bounding  radius  with  the 
surface. 

The  area  of  the  first  r  sectors  is  a28,  and  the  depth  of  the  centroid 
of  the  area  is 

a  sin2  6/8. 

,  .  „  .     r    na2   2a  .  „  .,     r 

.*.  asam26=-  .  -— - . — ,   or  81^0=-. 
n     2      7r  n 

2.  If  h  is  the  depth  of  the  centre  of  the  sphere  below  the  surface, 
we  have,  from  Art.  57, 

X  =  wiraPh  cos  0,         Y  -  §  wna3  =  \ima2h  sin  0, 

and,  measuring  off  from  a  fixed  point  two  sides  of  a  rectangle  pro- 
portional to  cos  6  and  sin  0,  the  locus  of  the  end  of  the  diagonal  is  a 
circle. 

3.  Let  the  weight  of  the  rod  be  W,  that  of  the  heavy  particle  m  W , 
2a  the  length  of  the  rod. 

The  distance  of  the  c.  g.  of  the  combination  from  the  lower  end  of 
the  rod  is  a/(m  +  l). 

The  length  immersed  is  2  . a. 

°  n 

.'.  The  c.  g.  of  the  displaced  water  is a  from  the  lower  end. 

.•.  The  equilibrium  is  stable  if 

1          ra+1  7- 

< or  m  >  \/n  -  1. 


m+1 


4.     Let  h  be  the  height  of  each  triangular  face. 

The  pressure  on  each  face  is  2  Wcosecft/n. 

The  centre  of  pressure  is  distant  \h  from  the  hinge. 

The  centre  of  gravity  is  distant  %k  from  the  hinge. 

w    •    a        .2TFcosec/3    1L  ,  „  T„  -_ 

.*.  ^/isin/3.w<|; ,\h  or  nw <fc f  W cosec2 (3. 
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The  pressure  on  a  face  is  obtained  from  the  consideration  of  the 
fact  that  the  vertical  component  of  the  n  pressures  on  the  faces  is 
equal  to  the  weight  of  water  which  would  be  contained  between  the 
pyramid  and  a  cylinder  on  the  same  base  and  of  the  same  height,  i.e. 
to  2  W. 

5.  If  v  be  the  velocity  of  descent,  d  the  depth  of  the  centre  of 
gravity,  d  +  x  that  of  the  centre  of  pressure  when  the  area  is  just 
immersed.  After  a  time  t  the  c.  g.  is  at  a  depth  d+vt,  the  pressure 
is  wA  (d+vt),  A  being  the  area. 

If  d+ x  —  z  be  now  the  depth  of  the  centre  of  pressure. 

wA  (d+vt)(d+x-z)  =  wAd.x. 

dx         ,       xvt 
.'.  z=d+x--r—-  =  d  +  -T—-. 
d+vt  d+vt 

If  u  be  the  rate  of  change  of  z, 

xv  (t  +  r)  xvt  xvdr 


d+v(t  +  r)      d  +  vt      (d  +  vt)(d  +  vt  +  vr)' 

u=-r-: ra  when  r  is  indefinitely  diminished. 

(d+vt)2 

6.  Let  2x  be  the  height  of  the  bell. 

Then  d+x  is  the  depth  of  the  surface  of  the  water  in  the  bell,  which 
must  be  equal  to  h  since  the  pressure  within  the  bell  is  double  the 
atmospheric  pressure. 

.'.  x  =  h  —  d. 

7.  Let  P,  Q  be  the  areas  of  the  triangles  formed  by  joining  the 
points  whose  depths  are  a,  ft,  y  and  8,  ft,  y  respectively. 

Then  p.l(a+ft+y)  +  Q.i(8+ft+y)  =  (P  +  Q)k. 

If  x  be  the  depth  of  the  centre  of  pressure  of  the  quadrilateral,  then, 
from  Art.  183, 

{P(a  +  ft  +  y)  +  Q(ft  +  y  +  8)}x 

_p   a2  +  ft2  +  y2  +  fty+ya  +  aft  ,  n    ft2  +  y2  +  ^  +  y8  +  8ft+fty 
-P.  2~  +^*  2 

Substituting  for  the  ratio  P  :  Q, 

6/tx(a-8)  =  (3h-ft-y-8)(a2  +  ft2  +  y2  +  fty  +  ya  +  aft) 

+  {a  +  ft  +  y-U)  (ft2+y2  +  82  +  yd  +  8ft  +  fty) 

=  (M-ft-y)(a-8)(a  +  ft  +  y  +  8)  +  (a-8)(ft2  +  y2+fty-a8 

-'-    X  =  ${a  +  ft  +  y  +  8)-^(fty  +  ya  +  aft  +  a8+ft8  +  y8) 
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8.  The  pressure  of  the  water  on  the  face  AC  acts  perpendicular  to 
AC  at  a,  point  which  divides  AC  in  the  ratio  2:1. 

.*.  unless  tan6'<2tan  A,  its  direction  cuts  the  base  beyond  B, 
and  the  maintenance  of  equilibrium  depends  on  the  weight  of  the 
prisms. 

Equilibrium  will  be  maintained,  if  this  condition  hold,  whatever 
may  be  the  density  of  the  prisms,  provided  they  do  not  slip. 

The  sectional  area  of  the  canal  is  b2  sin  C  cos  C. 

The  pressure  on  the  base  of  each  prism 

—w.  \  b sin  C [b cos  C+pd\  =  w .  \  b sin  C[(l  +  p)  b  cos  C+pc cos  B]. 

The  horizontal  pressure  on  each  prism  is 

w.$b2sm2C. 

.*.  the  angle  of  friction  must  be  greater  than 

cot"1  {(1  +p)  cot  C+p  cot  B) 

(remembering  that  b  sin  C=c  sin  B). 

9.  The  weight  of  the  first  cone  is  wna2  cosec  a,  and  the  volume  it 
encloses  is  $na3  cot  a. 

Commencing  with  the  smallest  cone,  let  pu  P2,--pn  De  the  densities 
of  the  gases. 

Then  wna2  cosec  a  +  2ira<  =  k(pl-  p2)  7ra2, 

4wira2  cosec  a  +  47ra/t  =  k  (p2  —  p3)  47ra2, 

n2wira2  cosec  a  +  Inna*.  =  Jcpn .  n2ira2. 

Multiplying  these  equations  by  1,  2,  3,...,  n  and  adding  them 
together  we  obtain 

(n(n  +  l)\2AO        n(n  +  l)(2n  +  l) 
w>7ra2coseca  1— K— — L\  +ZiraK  — ^ - 

=  ^7ra2[p1  +  p2(23_l3)  +  .„+pn{w3_(n_1)3}]. 

But,  if  Vn3a-  is  the  total  mass  of  gas, 

Vn*<r=Vpl+Vp2(&-l*)  +  ...+  Vpn{<n?-(n-l)Z}, 

.'.  wacosecal  -^ — -j-  +  £Kft(7&+l)(2tt+l)  =  £a7&3<r. 

The  upward  force  on  the  cone 

=ka-7r7i2a2  —  wirn2a2  cosec  a  —  Zttikik 

—  it 7ra (n ~  *)  (3 wan (n - 1 ) coscc  a  +  4*  (2n _  1)}* 
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10.     The  area  of  the  cross-section  is  I -^+«)  a2,  and  that  of  the 
immersed  portion  is  ^-7ra2, 


It  will  be  found  that  the  distance  CO  of  the  centroid  of  the  cross- 
section  from  the  centre  is 

3V3a/(8»r+3V3). 

If  H  is  the  centroid  of  the  immersed  portion, 

«-£• 

TTri    4a        3\/3a 


3tt      87T  +  3V3 

The  radius  of  curvature  r  at  H  of  the  curve  of  buoyancy,  which 
is  a  similar  and  similarly  situated  concentric  ellipse 


_/4&y  14a  _a 


Now  HG<r>  if  s-<- 


3tt     877  +  3^3' 
which  is  the  case. 

The  equilibrium  in  the  symmetrical  position  is  therefore  stable. 

11.  Let  x  be  the  length  of  the  bell  occupied  by  air  at  T°,  y  that 
occupied  by  air  at  (T+t)°. 

ah=x(h  +  d+x),    Art.  99, 

-y  (*+?+!) /(l+'js)- 

The  diminution  of  the  tension  of  the  chain  is  equal  to  HzJOL  Wy  the 
difference  of  weight  of  water  displaced. 

Now  2x={(h+d)2+4ah}*-(h+d), 

2y=^h  +  df  +  4ah(\  +  ^  -(h+d), 

•'•  2(y-^)  =  {(A+^)2+4aA}-*^  nearly. 
.-.  the  change  of  tension  is 

Wkt/T{(h+d)2  +  4ah}i  nearly. 

12.  Let  a  pressure  p  be  reduced  by  one  stroke  of  the  piston 
to  mp. 
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The  acceleration  after  one  stroke  is  (1  —  m)  g, 

after  two  strokes  (1  —  m2)  g  etc. 

If  n  strokes  be  made  at  equal  intervals  t,  the  velocity  acquired  a 
the  instant  of  the  nth.  stroke  is 

A       l-m«l 

Just  before  the  (n  +  l)th  stroke,  the  velocity  is 
(       m(l-mn)) 

13.  Here  w  = =■  and  the  above  velocity  is 

w+1  J 

The  limiting  value  of  this,  when  n  is  infinite,  is  the  value  of 
gnt  /  ( 1  +  -  )   =  - —  =  -  ,  the  whole  time,  n£,  being  given. 
.'.  v'  =  ev. 

14.  Let  x  be  the  length  of  the  fluid  in  the  leg  AB,  .*.  £  — #  the 
length  in  BC,  a  the  angle  ABC. 

Since  the  free  surface  must  pass  through  both  ends  of  the  fluid,  its 
vertex  being  at  the  end  in  AB, 

(I  -  x)2  sin2  o=-^  {(I  t  *)  cos  a  -  #} 

is  the  equation  giving  x  in  terms  of  I. 

We  obtain 

if  -,>|«*|. 

this  expression  becomes  imaginary. 

Now  the  greatest  value  which  l-x  can  have  is 
2x  sec  a.     (See  Art.  206  (2).) ' 
.*.  if  £>#(l  +  2seca), 

some  of  the  fluid  will  run  out. 

B.  E.  H.  8 
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In  the  limiting  case, 

4^2tan2a  =  -^.^?;         .*.  #=_%cot2a, 

I = jp|  cot  a  [cot  a  +  2  cosec  a] , 

2a>2Z      COS2  a  +  2  COS  a  ,  -  a  „ 

= r-rs =  cot"5  -  —  cosec2  a. 

<7  sm2  a  2 

.*.  before  w  reaches  the  value  given,  water  begins  to  flow  out  of  the 
tube  and  continues  so  to  flow  till  all  is  gone. 

15.     Let  x  be  the  radius  of  the  bubble  at  depth  h. 

Neglecting  surface  tension,  we  have 

3^=2^    or    #=c^3/2. 

If  the  surface  tension  be  t,  p,  p'  the  internal  pressures  at  radii  c,  x, 
w  the  intrinsic  weight  of  water, 

2wh-p  =  — . 


Also  pc3=p'x?. 


wA         wA         2 
is  the  equation  which  determines  x. 

16.  Employing  the  notation  of  Art.  99,  the  work  done  in  depressing 
the  water  surface  through  a  small  distance  d 

=w(k  +  a+x)xid. 

.•.  the  whole  work  done  in  depressing  the  water  surface  from  xf 
to  x" 

=  2w  (h  +  a  +  x)Ad=  wz-A , 

if  i  is  the  depth  of  the  c.  g.  of  the  water  displaced  below  the  horizontal 
plane  at  the  height  h  above  the  level  of  the  water  outside. 

17.  Let  a  cos  a  be  the  height  of  the  free  surface  of  the  fluid  at  rest 
above  the  surface,  a  being  the  radius. 

The  volume  of  the  rest  of  the  sphere  is 

-     ( 1  -  COS  a)2  (2  +  cos  a). 
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If  the  rotating  liquid  rise  to  a  height  a  cos  6  above  the  centre,  the 
free  space  is 

rra3  ..             ..„,             A.          „   .   „      a>2a2  sin2  6 
— -(l-cos0)2(2+cos0)+7ra2sin20. , 

.*.  cos3a-3cosa-cos30  +  3cos#  =  — -—  sin40. 

The  greatest  elevation  is  a  (cos  6  -  cos  a). 

The  greatest  depression  is 

o)2a2sin20         .        .  . 
- a  (cos  6  -  cos  a). 

The  latter  is  greater  than  the  former  if 

——  sin2  6  >  cos  6  -  cos  a. 
Now 

<**<*    •  *aij       a  \     1  3  -  (cos2  0  +  cos  a  cos  0  + cos2  a) 

—  sin2  <9/(cos  6  -  cos  a)  = * r-s-a ' . 

4y  /v  '     3  sin2<9 

.'.  the  above  inequality  holds  if  2  cos2  6  —  cos2  a  -  cos  a  cos  6  is 
positive. 

But  cos  6  >  cos  a. 

.'.  this  is  true. 

.-.  the  greatest  depression  exceeds  the  greatest  elevation. 

18.  Let  h  be  the  height  above  the  base  of  the  cylinder  of  the  top 
of  the  solid  at  first,  and  k  when  there  is  equilibrium. 

Let  z  be  the  greatest  height  above  the  top  of  the  solid  of  the  surface 
of  the  liquid  above  it,  and  x  the  depth  below  the  top  of  the  solid  of  the 
paraboloidal  surface  continued. 

Then  wa*h  —  \ndl .  -= —  =  volume  of  liquid 

—na2k  -  hnci1 .  — \-  volume  of  liquid  above, 

.  \  na2  (A  -k)  =  irah  -  hta2  (z  +  x)  +  \tc  -f  x .  x, 
but  a2=-f  («+#), 


. ,  wa2    a2©2         fra2  a2co2      jr    2ff  .        ) 

Also         rx--y'-iTV.i'3!#"*K. 

...  *t-£^?g  and  A-*=ay/l-  V"-^}"- 
p     4g2  4g   \        V      p   J 
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19.  Let  v  be  the  volume  of  each  sphere,  p,  p  their  densities,  o-  that 
of  the  fluid. 

The  straight  line  joining  the  spheres  must  intersect  the  axis  of 
rotation  at  right  angles. 

If  a  and  b  are  the  distances  from  the  axis, 
ava>2a  +  T=pva>2a, 
(rVco2b  —  T=p'vo>2b ; 
so  that,  if  I  be  the  length  of  the  string, 

o-  (a  +  b)=pa  +  p'b,         a-b  =  l. 

If  we  take  account  of  gravity  the  line  of  the  string  must  intersect 
the  axis  and  may  be  inclined  to  it  at  an  angle  6. 

We  then  have  the  equations 

aVco2a  +  T  sin  6=pvco2a} 

ava)2b  -TsinB= p'va)2bf 

g<rv  +  T  cos  6 = gpv, 

guv  —  Tcob  6=gp'v. 

20.  If  the  weight  of  the  piston  is  equal  to  that  of  a  depth  y  of 
water,  and  if  x  is  the  depth  of  the  aperture  below  the  piston,  the  jet 
rises  to  the  height  x+y. 

21.  5000  cubic  feet  of  water  are  raised  12  feet  and  heated  through 
6°. 

The  work  done  in  four  hours,  in  foot-pounds, 

=  60000  x  62-5  +  30000  x  62'5  x  772 
=  1451250000. 

Doubling  this  to  obtain  the  actual  work  done  by  the  engine,  and 
dividing  by  240  x  33000,  we  find'  that  the  h.  p.  is  very  nearly  366. 

22.  A  repetition  of  Ex.  6,  Chapter  XV. 

23.  If  water  falls  from  a  height  h  its  velocity 

v=s/2gh. 

If  k  is  the  section  of  the  tube,  the  volume  of  water  which  has  its 
momentum  destroyed  in  the  time  t  is  VKty  and  if  m  is  the  mass  of  unit 
volume,  the  momentum  destroyed  per  unit  of  time= mv2K. 

This  is  the  pressure,  in  poundals,  exerted  by  the  falling  water,  and 
therefore  if  it  support  a  column  of  the  height  x, 

mv2K  =  mKxg,    and    .-.  x=2h. 

24.  If  /  is  the  acceleration,  downwards,  of  the  bucket 

f==    m9 
J     23f+m' 

Let  v  be  the  volume  of  the  cork,  a  its  density,  so  that  m  =  a-v}  and 
T  the  tension  of  the  string. 
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If  P  is  the  upward  pressure  of  the  water,  taking  unity  as  the 
density  of  water, 

**r->.  -•  *-£&. 

Now  mf=  mg-P+T, 

.  U{mg(l\ 

'  '         2M+m  V      /  ' 

If  Fis  the  volume  of  water  in  the  bucket,  and  h  its  height,  V=nr2h. 

Pressure  on  curved  surface  at  first 

72 
=gPnrh?=gP  -^. 

Afterwards,  pressure  =  (g  -f)  p  - — -^- , 

and  this  is  greater  or  less  than  before  according  as 

9  ]f 

(V+vf>ov  <V\ 


2M+m 
v 

y>OV< 


V1+2X/-L 


m  —  m 


25.  The  acceleration  of  the  bucket  containing  m  is  —=7 ,  or 

downwards. 

Let  T7  be  the  tension  of  the  string,  P  the  upward  pressure  of  the 
water  on  m. 

mg      „  _m      m-m! 
V~  a  231+m  +  m'91 

m  ,  D     m{m-  rri) 

or  T_2m{M+m!)g  (\      \ 

2J/+m+m'    \<r     V" 

26.  If  a  be  the  area  of  the  jet,  v  the  velocity  of  efflux,  x  the 
depth. 

In  a  short  time  r  a  mass  paw  emerges  with  velocity  v. 

The  work  done  is  p .  a .  vr. 

2p 
.'.  pa.VT  =  %pciv3r}         .'.  v2=-±-  =  2gx. 

The  mass  pkvt  emerging 

=pht         ^=ktsj2~pp. 
The  momentum  emerging =pkv2t  =  2pkt. 
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27.  The  spherical  surface  inside  being  smooth,  it  follows  that  the 
liquid  revolves  about  the  axis  without  rotation,  and  that  if  c  is  the 
distance  of  its  centre  from  the  axis,  the  acceleration  of  every  element 
is  the  samo  and  is  equal  to  <o2c  in  the  direction  of  that  distance. 

The  resultant  liquid  pressure  on  any  element  m,  combined  with  the 
force  mg,  produces  the  force  ma>2c. 

The  surfaces  of  equal  pressure  at  any  instant  are  parallel  planes 
inclined  to  the  vertical  at  the  angle  tan-1  (g/a>2c). 

28.  As  in  the  previous  case  the  liquid  revolves  as  a  rigid  body, 
without  rotation,  and  if  c  is  the  distance  CO  of  the  axis  of  the  aperture 
from  the  axis  of  the  solid  cylinder,  the  acceleration  of  every  element  is 
<o2c  in  the  direction  of  that  distance. 

If  at  any  instant  0  be  the  inclination  of  CO  to  the  vertical,  and  cp 
the  inclination  to  the  vertical  of  the  resultant  fluid  pressure  R  upon  an 
element  m  of  the  fluid, 

R  sin  <fi  =  ma>2c  sin  6,        R  cos  <p  —  mg  =  ma>2c  cos  0, 
.  * .  tan  <p  =  ore  sin  0J(g + <*>2c  cos  0). 

The  surfaces  of  equal  pressure  are,  at  the  instant,  parallel  planes 
inclined  at  the  angle  0  to  the  horizontal. 

29.  The  quantity  m  is  the  ratio  of  a>2a  to  p/a2 ; 

.*.  mfi  =  co2a3. 

Taking  a  point  near  the  equator  let  x  be  its  distance  from  the  axis, 
x  being  nearly  equal  to  a,  and  let  0  and  0  be  the  small  inclinations  to 
the  equator  of  the  radius  vector  and  the  normal. 

The  attraction  to  the  centre  and  the  pressure  in  the  normal  have  a 
resultant  perpendicular  to  the  axis,  so  that 

(o2x  :  fjLJr2  =  sin  ($-0):  sin  0, 

"(f)  p 

and  radius  of  curvature  =  Limit  of  — ^— — =a  (1  -  m). 

Again,  taking  a  point  P  near  the  axis  at  the  small  distance  x,  let  0 
and  0  be  the  small  inclinations  to  the  axis  of  the  radius  vector  and  the 
normal. 

Then  if  the  normal  at  P  meet  the  equator  in  K,  we  obtain,  from  the 
triangle  of  forces  CKP, 

a>2x  :  [i\r2  —  sin  (0  —  <f>):  cos  0, 

^~~    fi     ~    a3 

Now,  if  p  is  the  radius  of  curvature, 

0      sin  0      a     u        ,  , 

-r  =  - — -r  =  -  =  - ,  and  x=p(p, 
</)      sin  cf>     r      b '  r  r' 

.*.  p  —  b=pmb3/asi  or  b—p{\  -mb3/a*}. 
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30.  If  v  is  the  velocity  of  efflux,  Ku  =  kV. 
The  equation  of  energy  is  that 

|p  (A  -  a?)  Ku2  +  ip-ri^2 + #p  (h  -  x)  K .  \{Ji  -  x) 

is  constant,  and  is  equal  to  \gph2K;  so  that 

u2  {(h  -x)k2  + xK2}  =gK2  (2hx-  x2). 

This  supposes  that  the  issuing  fluid  enters  into  a  horizontal  tube 
fitting  the  aperture. 

If  however  the  fluid  issues  into  the  open  air  and  is  scattered,  then 
the  pressure  at  the  aperture  is  that  due  to  a  height  h  —  x  +  u2/2g  of 
water. 

If  v  be  the  velocity  of  efflux 

v2  =  2g(h-x)+u2. 

.  • .  K2u2 = k2  {2g  (h-x)+ u\ 

u2{K2  +  K*)  =  2gK2{h-x). 

31.  The  air  in  the  jar  can  vibrate  freely  in  the  same  period  as  the 
tuning-fork  in  the  first  case,  but  not  in  the  other  cases.  It  is  therefore 
set  in  vibration,  giving  out  the  note  natural  to  a  jar  of  that  depth  in 
the  first  case,  but  being  unable  to  vibrate  in  the  same  period  as  the 
fork  in  the  other  cases,  gives  but  a  slight  sound. 

32.  The  sound  of  the  clapping  is  reflected  from  each  rail  and  the 
series  following  rapidly  one  on  the  other  and  falling  on  the  ear  pro- 
duces a  sound  resembling  that  produced  by  a  cause  which  sets  the 
air  in  vibration  along  a  definite  line,  not  instantaneously,  but  in  rapid 
succession. 

33.  Consider  the  water  above  a  plane  touching  the  lowest  point  of 
the  sphere  in  the  first  case. 

Its  volume  is  nR2 .  2r  -  fri*  =  27rr  [B2  -  §r2]. 

Its  e.g.  is  at  a  height  r. 

When  the  sphere  is  gone  the  height  of  the  eg.  is 

2  r3 
.'.  it  has  fallen  a  distance  -  -53, 

.-.  the  loss  of  potential  energy 

W     9     Fm     2  ."I      2r3 

=  HV[3i22-2r2]-r37^. 
When  the  sphere  is  half  out  of  the  water,  the  height  of  the  water  is 
2r3JB*-r* 
3       R2     ' 
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The  height  of  its  e.g.  is 

3   {  }'2>      R*  3^'\3  '       R2  8 J 

^(3£2-2r2) 
3 

......        r3    13i?2-8r2 

/.it  has  fallen  ^-3^-^. 

Loss  of  potential  energy 

W    **    /iom     o  2n     39tf2-24r2     ,  . 

-SP  8^3  (13^2-8,2)  =  48E2_32r2xformer  loss. 

When  the  sphere  leaves  the  water,  w  being  its  weight,  it  has  gained 
in  potential  energy 

2  r*_ 

/.  its  k.e.  must  be 
Its  velocity  is  therefore 

34.  The  time  of  vibration  of  the  fifth  of  G  is  §  that  of  O  and 
therefore  f  that  of  G. 

35.  The  number  of  strokes  per  second  made  by  the  teeth  on  the 
card  is  4x264=  1056. 

/.it  revolves  -—-=32  times  per  second. 
oo 

36.  Velocity  of  train =88  feet  per  second. 

If  n  be  the  vibration  number  of  the  note  sounded,  that  of  the  note 

heard  as  the  train  approaches  is  -rr— - — ™^=  nm*1. 

The  frequency  of  the  note  heard  as  the  train  recedes  is 
1120        _140 
1120  +  88  n~  151^ 
If  the  note  be  the  fifteenth  of  the  middle  C, 

7i  =  1056. 
/.  the  vibration  numbers  of  the  apparent  notes  are 

1145^  and  979#1. 
The  first  is  sharpened  slightly  more  than  half  a  tone,  the  second 
flattened  slightly  less  than  half  a  tone. 
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m'a.,  and  G.  F.  Hamilton,  B.A.     Jr.  bd.  '      Menaechmei,  £  6d-    Trimimmus 
PlatO :  Protagoras.      By  W.  YVayte,  M.A.  ,      Al,h,Iar,a.  V-  w- 

+»•  6J.  Terence.     By  W.  Wagner,  Ph.D. 


Plato:  Apology  of  Socrates  and  Crito.     By 

W.  Wagner,  Ph.D.     2s.  bd. 

Phaedo.    By  W.  Wagner,  Ph.D.    $s.  bd. 

Gorgias.     By  W.   H.   Thompson,  D.D. 

bs. 
Republic.     Books  I.  and  II.      By  G.  H. 

Wells,  M.A.     5$. 

PlautUS.      By    Wilhelm    Wagner,   Ph.D. 


4*.  6,/. 


js.  bd. 


Grammar   School   Classics 

Edited  with  Introductions  and  Notes 


Catullus,    Tibullus,    and    Propertius. 

Selected  Poems.  By  the  Rev.  A.  H.Wratis- 

lavv  and  F.  N.  Sutton,  B.A.     2s.  bd. 
Horace.     By  A.  I.  Macleane,  M.A.    3s.  bd. 

Or,   Part  I.,  Odes,  2s.  ;    Part  II.,   Satires 

and  Epistles,  as. 
Juvenal.    Sixteen  Satires  (expurgated).     By 

Herman  Prior,  M.A.     3s.  bd. 
Martial    Select  Epigrams.    Bv  F.  A.  Paley, 

M.A.,  LL.D.,  and  the  late  W.  H.  Stone. 

4s.  bd. 
Ovid:  Fasti.     By  F.  A.  Paley,  M. A.,  LL.D. 

35. bd.  Or  Book  I.  and  II.,  u.  bd.,  Books  III. 

and  IV.,  w.  bd.,  Books  V.  and  VI.,  it,  bd. 


Sallust:  Catilinaandjngurtha.  ByG.LoNO, 
M.A.,  and  J.  G.  Frazer,  M.A.  3/.  bd. 
Or  separately,  2s.  each. 

Virgil  :  Conington's  Edition,  abridged. 
Bucolics,  Georgics.  and  Aeneid.  Books  L- 
IV.,  4i.  bd.  Aeneid.  Books  V.-XII.,4;.  bd. 
Or  in  9  separate  paits,  it.  bd.  each. 

Xenophon:  Anabasis.  With  Life,  Itinerary, 
lnilex,  and  Three  Maps.  By  ).  F.  Mai:- 
michael.  3s.  bd.  Or  in  4  separate  volumes, 
price  is.  bd.  each. 

Cyropaedia.         By     G.     M.      Gokuan, 

M.A.      3/.   bd.      Books  I.  and  II.,  ft.  6*1. 
Books  V.  and  VI.,  u.  bd. 

Memorabilia.     By  P.  Frost,  M.A.     y. 


George  Bell  &  Sons' 


Cambridge  Texts  with  Notes 

Price  is.  6d.  each,  with  exceptions 


AeachylUS.  6  Vols.  Prometheus  Vinctus 
— Septem  contra  Thebas — Agamemnon — 
Persae  —  Eumenides  —  Choephoroe.  By 
F.  A.  Paley,  M.A.,  LL.D. 

Euripide8.  13  Vols.  Alcestis— Medea— 
Hippolytus  —  Hecuba  —  Bacchae  —  Ion  (2s.) 
-Orestes — Phoenissae— Troades — Hercules 
Furens — Andromache — Iphigenia  in  Tauris 
— Supplices.     By  F.  A.  Paley,'M.A.,  LL.D. 

SophOCles.  $  Vols.  Oedipus  Tyrannus— 
Oedipus  Coloneus  —  Antigone  —  Electra  — 
Ajax.    By  F.  A.  Paley,  M.A.,  LL.D. 

Xeuophon :  Hellenica.  Book  I. and  Book  II. 
By  the  Rev.  L.  D.  Dowdall,  M.A., 
B.D.    2s.  each. 


Xeuophon:      Anabasis.       6    Vols.      Mao 

Michael's  Edition,  revised   by  J.  E.   Mel- 

huish,  M.A.     In  separate  Books. 
Book  I.— Books  II.  and  III.— Book  IV.— 

Book  V.— Book  VI.— Book  VII. 
Cicero.    3  Vols.   DeAmicitia— De  Senectute 

— Epistolae  Selectae.     By  George   Long, 

M.A. 
Ovid.     Selections  from  the  Amores,  Tristia, 

Heroides,  and  Metamorphoses.     By  A.  J. 

Macleane,  M.A. 
Terence.     4  Vols.    Andria — Hautontimoru- 

menos  —  Phormio  —  Adelphi.      By    Prof. 

Wagner. 
Virgil.  12  Vols.  Abridged  from  Prof.  Coning- 

ton's  Edition  by  Professors    Nettleship 

and  Wagner  and  Rev.  J.  G.  Sheppard. 


Cambridge  Texts 


Aeschylus.  By  F.  A.  Paley,  M.A.,  LL.D.  2s. 
Caesar  De  Bello  Gallico.     By  G.  Long, 

M.A.     is.  6d. 

Cicero  De  Senectute  et  De  Amicitia  et 
Epistolae  Selectae.    By  G.  Long,  m.a. 

is.  6d. 

Ciceronis  Orationes  in  Verrem.    By  G. 

Long,  M.A.    2/.  td. 
Euripides.     By  F.  A.  Paley,  M.A.,  LL.D. 

3  vols.     2/.  each. 
Herodotus.     By  J.  W.  Blakeslev,   B.D. 

2  vols.     2s.  6d.  each. 
HoratiUS.       By    A.    J.    Macleane,    M.A. 

is.  6<i. 
Juvenalis  et  Persius.  By  A.  J.  Macleane, 

M.A.     is.  6d. 
Lucretius.     By  H.  A.  J.  Munro,  M.A.    2s. 
OvidiUS.      By    A.  Palmer,    M.A.,    G.  M. 

Edwards,  M.A.,  G.  A.  Davies,  M.A.,  S.  G. 

Owen,  M.A.,  A.  E.  Housman,  M.A.,  and 

J.    P.   POSTGATE,    M.A.,   LlTT.D.       3    Vols. 

is.  each. 


Sallusti  Catilina  et  Jugurtha.     By  G. 

Long,  M.A.     is.  6d. 
Sophocles.     By  F.  A.  Paley,  M.A.,  LL.D. 

2s.  6d. 
TerentiUS.     By  W.  Wagner,  Ph.D.     a/. 
ThUCydides.    By  J.  W.   Donaldson,  B.D. 

2  vols.     2s.  each. 
VergiliUS.     By  J.  Conington,  M.A.    2 s. 

Xenophontis  Expeditio  Cyri.    By  J.  F. 

Macmichael,  M.A.    is.  6d. 

Novum  Testamentum  Graece.    Edited 

by  F.  H.  Scrivener,  M.A.     4*.  bd. 

Editio  Major.      Containing  the  readings 

approved  by  Bp.  Westcott  and  Dr.  Hort, 
and  those  adopted  by  the  revisers,  etc. 
Small  post  8vo.  New  Edition,  with  emen- 
dations and  corrections  by  Prof.  Kb. 
Nestle.  Printed  on  India  paper,  limp 
cloth,  6s.  net ;  limp  leather,  p.  bd.  net ;  or 
interleaved  with  writing  paper,  limp 
leather,  io.r.  6d.  net. 


Other  Editions,  Texts,  &c. 


AntholOgia  Latina.  A  Selection  of  Choice 
Latin  Poetry,  with  Notes.  By  Rev.  F.  St. 
John  Thackeray,  M.A.     i6mo.    as.  6d. 

AntholOgia  Graeca.  A  Selection  from  the 
Creek  Poets.  By  Rev.  F.  St.  John 
Thaokkray,  M.A.     i6mo.     4s.  6d. 

AristOphaniS  Comoediae.  Edited  by  H.  A. 
Holden,  LL.D.     Demy  8vo.     18s. 

The  Plays  separately  :  Acharnenses,  2s.  5 
Equites,  it,  bd.;  Nubes,  2s.\  Vespae,  2S. ; 
Pax,  2s. ;  Lysistrata,  et  Thesmophoriazu- 
»ae,  41. ;  Aves,  is. ;  Ranae,  ax. ;  Plutus,  2s. 


Aristophanes,   The  Comedies  of.    The 

Greek  Text,  revised,  and  a  Metrical  Trans- 
lation on  Opposite  Pages,  together  with 
Introduction  and  Commentary.  By  Ben* 
jamin  Bickley  Rogers,  M.A.  6  vols.  Fcap. 
4to.     i£.f.  each. 

Now  Ready:  Vol.  V.,  containing  The 
Frogs  and  The  Ecclesiazusae;  and  the 
following  separate  plays:  Frogs,  10s.  bd.; 
Ecclesiazusae,  7*.  bd.;  Thesmophoriazusae. 
Is.  6d. ;  Birds,  10s.  bd, ;  Plutus  (with  the 
Menaechmi  of  Plautus).  8s.  td. 
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Other  Editions,  Texts,  &c— continued 


Corpus    Poetarum   Latinorum,    a    se 

aliisque  denuo  recognirorum  et  brevi  lec- 
tionum  varietate  instructornm,  edidit  Jo- 
hannes PercivalPostgate,  Litt.D.  Tom. I. 
quo  continentur  Ennius,  Lucretius,  Catul- 
lus, Horatius,  Vergilius,  Tibullus,  Proper- 
tius,  Ovidius.  Large  post  4T.0.  2$s.  net. 
Or  in  Two  Parts  sewed,  ms.  each  net. 

Tom  II  quo  continentur  Grattius, 
Manilius,  Phaedrus,  Aetna,  Persius,  Lucan, 
Valerius  Flaccus,  Calpurnius  Siculus, 
Columella,  Silius  Italicus,  Statins,  Martial, 
Juvenal,  Nemesianus.  35*.  net;  or  Part 
III.,  gs.  net;  Part  IV.,  gs.  net;  Part  V., 
6s.  net. 

Corpus  Poetarum  Latinorum.    Edited  by 

Walker,     i  thick  vol.  8vo.     Cloth,  18s. 

CatullUS.  Edited  by  J.  P.  Postgate,  M.A., 
Litt.D.     Fcap.  8vo.    3/. 

Horace.  The  Latin  Text,  with  Conington's 
Translation  on  opposite  pages.  Pocket  Edi- 
tion. 4X.  net;  or  in  leather,  5s.  net.  Also 
in  2  vols.,  limp  leather.  The  Odes,  is.  net; 
Satires  and  Epistles,  is.  6d.  net. 

Livy.  The  first  five  Books.  Prendeville's 
edition  revised  bv  ].  H.  Freese,  M.A. 
Books  L,  II.,  III.,  IV.,  V.    is.  6d.  each. 

Lucan.  The  Pharsalia.  By  C.  E.  Has- 
kins,  M.A.  With  an  Introduction  by 
W.  E.  Hem  land,  M.A.    Demy  8vo.     14*. 


Lucretius.  Titi  Lucreti  Cari  de  re- 
rum  natura  libri  sex.     Edited  with 

Notes,  Introduction,  and  Translation,  by 
the  late  H.  A.  J.  Munro.  3  vols.  8vo. 
Vols.  I.  and  II.  Introduction,  Text  and 
Notes.  i8.f.     Vol.  III.  Translation,  6s. 

Ovid.  The  Metamorphoses.   Book  XIII. 

With  Introduction  and  Notes  by  Prof.  C.  H. 
Keene,  M.A.     2s.  6d. 

The  Metamorphoses.     Book  XIV. 

With    Introduction    and    Notes    by   Prof. 

C.  H.  Keene,  M.A.     2s.  6d. 

V  Books  XIII.  and  XIV.  together.    3;.  6<i. 

Pindar.    Myths  from  Pindar.    Selected 

and  edited  by  H.  R.  King,  M.A.  With 
Illustrations.     Post  8vo.     2s.  6d.  net. 

Plato.    The  Proem  to  the  Republic  of 

PlatO.  (Book  I.  and  Book  II.  chaps.  1— 10.) 
Edited,  with  Introduction,  Critical  Notes, 
and  Commentary,  by  Prof.  T.  G.  Tucker, 
Litt.D.    6s. 

Propertius.     Sexti  Properti  Carmina 

recognovit  J.   P.   Postgate,  Litt.D.    4to. 
3/.  net. 
TheOCrltUS.     Edited,  with  Introduction  and 
Notes,  by  R.  J.  Cholmeley,  M.A.    Crown 
8vo.     p.  6d. 

Thucydides.  The  History  of  the  Pelo- 
ponnesian  War.  With  Notes  and  a 
Collation  of  the  MSS.  By  the  late 
R.  Shilleto,  M.A.  Book  I.  8vo.  6s.  6d. 
Book  II.    is.  6d. 


Latin  and   Greek   Class   Books 


Bell's     Illustrated     Latin      Readers. 

Edited  by  E.  C.  Marchani,  M.A. 
Pott  8vo.     With  brief  Notes,  Vocabularies, 

and  numerous  Illustrations,     it,  each. 
Bcalae   Primae.      A   Selection    of    Simple 

Stories  for  Translation  into  English. 
Scalae    Mediae.      Short      Extracts    from 

Eutropins  and  Caesar. 
Scalae  Tertiae.      Selections  in  Prose   and 
Verse    from    Phaedrus,  Ovid,  Nepos  and 
Cicero. 


Bell's  Illustrated  Latin  Course,  for  the 

First  Year.  In  three  Parts.  By  E.  C. 
Marchant,  M.A.,andJ.  G.  Spencer,  B.A. 
With  Coloured  Plates  and  numerous  other 
Ulustr  itions.     is.  6d.  each. 

Bell's  Concise  Latin  Course.    By  E.  c. 

Marchant,  M.A.,  and  J.  G.  Spencer,  B.A. 
1  vol.      2S. 

Bell's  Concise  Latin  Course.     Part  11. 

By    E.   C.    Marchant,   M.A.,  and   S.    E. 

WiHBOLT,  M.A.  [/«  the  Press. 

Latin  Primer,     By  the  Rev.  A.  C.  Clapin, 

M.A.     u. 
EclOgSS    Latina;   or,  First  Latin  Reading 

Book.     With  Notes  and  Vocabulary  by  the 

late  Rev.  P.  Frost,  M.A.     is.  6d. 

Latin  Exercises  and  Grammar  Papers. 
By  T.  Collins.  M.A.    3/.  <M. 


Unseen  Papers  in  Latin  Prose  and  Verse. 

By  T.  Collins-,  M.A.     2s.  6d. 
Latin  Unseens.     Selected  and  arranged  by 

E.  C.  Marchant,  M.A.     is. 

First  Exercises  in  Latin  Prose  Com- 
position. By  E.  A.  Wells,  M.A.  With 
Vocabulary,     is. 

Materials  for  Latin  Prose  Composition. 

By  the    Rev.    I*.    Frost,   M.A.     2s.     Key, 
4/.  net. 

Passages  for  Translation  into  Latin 

Prose.       By     Professor    H.    Nettleshu', 
M.A.     3f.     Kev.  41.  6d.  net. 
Easy    Translations  from  Nepos,   Caesar, 
I      Cicero,    Livy,  &c,  for   Retranslation  into 
Latin.     BvT.  Collins.  M.A.     2s. 

Memorabilia  Latina.  By  F.  W.  Levander, 

F.K.A.S.     u. 

Test  Questions  on  the  Latin  Language. 

By  F.  VV.  Levander,  F.R.A.S.     is.  6d. 

Latin    Syntax    Exercises.      By   L.   D. 

Wainwright,  M.A.     Five  Parts.    8d.each. 

A  Latin  Verse  Book.    By  the  Rev.  p. 

Frost,  M.A.     2s.     Key,  is.  net. 
Latin  Elegiac  Verse,  Easy  Exercises  in. 

By  the  Rev.   }.  Penrose.    2/.     Key,  31.  6d, 

net. 
FoliOITim   Silvula.     Part  I.     Passages  for 

Translation  into  Latin  Eiegiac  and  Heroic 

Verse.     By  H.  A.  Holden,  LL.D.     7/.  6d. 


George  Bell  b5  Sons 


Latin  and  Greek  Class  Books— continued 


Res  Romanae,  being  brief  Aids  to  the  His-  I 
tory.  Geographv,  Literature  and  Antiquities 
of   Ancient    Koine.     By  E.   P.  Coleridge,  I 
M.A.     With3map«.     2>\  6/. 

Climax  Prote.    A  First  Greek  Reader. 

With    Hints  and  Vocabulary.      By  E.  C.  j 

Marchant,    M.A.      With  30  illustrations. 

1/.  6.1. 
Greek  Verbs.  Bv  f.  S.  Baird.t.c.d.  2/.  6d. 
Analecta  Grseca  Minora.  With  Notes  and 

Dictionary.     By  the  Rev.  P.  Frost,  M.A. 

is. 


Unseen  Papers  in  Greek  Prose  and  Verse. 
By  T.  Collins,  M.A.    3s. 

Notes  on  Greek  Accents.  By  the  Rt.  Rev. 
A.  Barry,  D.D.    is. 

Res  Graecae.  Being  Aids  to  the  study  of 
the  History,  Geography,  Archasology,  and 
Literature  of  Ancient  Athens.  By  E.  P. 
Coleridge,  M.A.  With  $  Maps,  7  Plans, 
and  17  other  illustrations.    5/, 

Notabilia  Quaedam.    u. 


Bell's  Classical  Translations 

Crown  8vo.     Paper  Covers.     15.  each 


^SCbylus:  Agamemnon.  Translated  by 
Walter  Headlam,  Litt.D. 

The  Suppliants.    Translated  by  Walter 

Headlam,  Litt.D. 

Choephoroe.      Translated     by     Walter 

H em) lam,  Litt.D. 

Aristophanes  :  'I  he  Acharnians.  Trans- 
lated bv  W.  H.  Covington.  B.A. 

The'  Plutus.      Translated    by    M.     T. 

Quinn,  M.A. 

Caesar's  Gallic  War.  Translated  by  W.  A 
M'Devitte,  B.A.  2  Vols.  (Books  I.-IV., 
and  Books  V.-VIL). 

Cicero:  Friendship  and  Old  Age.  Trans- 
lated by  G.  H.  Wells,  M.A. 

Orations.      Translated  by  Prof.  C.  D. 

Yoxge,  M.A.  6  vols.  Catiline,  Murena, 
Sulla  and  Archias  (in  one  vol.),  Manilian 
Law,  Sextius,  Milo. 

Demosthenes  on  the  Crown.  Translated 
by  C.  Ranx  Kennedy. 

Euripides.  Translated  by  E.  P.  Coleridge, 
M.A.  14  vols.  Medea  —  Alcestis— Hera- 
cleidie — Hi^polytus — Supplices — Troades — 
Ion — Andromache  —  Bacchae  —  Hecuba  — 
Hercules  Furens  —  Phcenissre  —  Orestes — 
Iphigenia  in  Tauris. 

Homer's  Iliad.  Bks.  I.  and  II.,  Bks.  III.-IV. 
Translated  by  E.  H.  Blakeney,  M.A. 

. Book    XXIV.      Translated    by    E.    H. 

Blakeney,  M.A. 

Horace.  Translated  by  A.  Hamilton 
Bryce,  LL.D.  4  vols.  Odes,  Books  I.  and 
II.  Odes,  Books  III.  and  IV.,  Carmen 
Seculare  and  l?podes — Satires — Epistles 
and  Ars  Poetica. 

Livy.  Books  I.,  II,  III.,  IV.  Translated  by 
].  H.  Freese,  M.A.     With  Maps.     4  vol's. 


Livy.  Books  V.  and  VI.  Translated  by  E.  S 
Weymouth,  M.A.  Lond.  With  Maps. 
2  vols. 

Book    IX.      Translated    by     Francis 

Storr,  M.A.     With  Map. 

Books  XXL,  XXIL,  XXIII.  Trans- 
lated by  J.  Bernard  Baker,  M.A.     3  vols. 

Lucan:  The  Pharsalia.  Book  I.  Trans- 
lated bv  Frederick  Conway,  M.A. 

Ovid's  Fasti.  Translated  by  Henry  T. 
Riley,  M.A.  3  vols.  Books  I.  and  II.— 
Books  III.  and  IV.— Books  V.  and  VI. 

Tristia.      Translated     by     Henry     T. 

Rilev,  M.A. 

Plato  :  Apology  of  Socrates  and  Crito  (1  vol.), 
Phrcdo,  and  Protagoras.  Translated  by  H. 
Cary,  M.A.     3  vols. 

Plautlis:  Trinummus,  Aulularia,Mena2chmi, 
and  Captivi.  Translated  by  Henry  T. 
Riley,  M.A.     4  vols. 

Sophocles.  Translated  by  E.  P.  Cole- 
ridge, M.A.  7  vols.  Antigone — Philoe- 
tetes—  Qidipus  Rex — OZdipus  Coloneus — 
Electra— Ti  achi  n  \x— Ajax. 

ThUCydides.  Book  VI.  Translated  by 
E.  C.  Marchant,  M.A. 

Book    VII.    Translated  by  E.  C.  Mar- 

chant,  M.A. 

Virgil.  Translated  by  A.  Hamilton  Bryce, 
LL.D.  6  vols.  Bucolics  —  Georgics  — 
^neid,  1-3—  /^Eneid,  4-6— ^Eneid,  7-9— 
JEne'id,  10-12. 

Xenophon'S  Anabasis.  Translated  bv  the 
Rev.  J.  S.  Watson,  M.A.  With  Map.  3 
vols.  "  Books  I.  and  II.— Books  III.,  IV., 
and  V.— Books  VI.  and  VII. 

Hellenics.      Books   I.   and   II.     Trans« 

lated  by  the  Rev.  H.  Dale,  M.A. 


*  For  other  Translations  from  the  Classics,  see  the  Catalogue  of  Bohn's 
Libraries,  which  will  be  forwarded  on  application. 
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MATHEMATICS 

Full  catalogue  of  Mathematical  Books  post  free  on  application 

Cambridge  Mathematical  Series 


New  School  Arithmetic.    By  C.  Pendle- 
bury, M.A.,  and  F.  E.   Robinson,    M.A. 
With   or  without   Answers.     4s.   bd.      In 
Two  Parts,     is.  bd.  each. 
Key  to  Part  II.,  8s.  bd.  net. 

New  School  Examples  in  a  separate 
volume,  3$.  Or  in  Two  Parts,  is.  6d.  and  is. 

Arithmetic,  with  8000  Examples.  By  C. 
Pendlebury,  M.A.  4*.  6d.  In  Two  Parts. 
is.  ()d.  each. 

Key  to  Part  II.,  >js.  bd.  net. 

Examples  in  Arithmetic.  Extracted  from 
the  above.  3.1.  Or  in  Two  Tarts,  is.  bd. 
and  is 

Commercial  Arithmetic.    By  c.  Pendle- 

bury,  M.A.,  and  VV.  S.  Beard,  F.R.G.S. 
is.  6d.  Part  I.  separatelv,  is.  Part  II.,  is.  6d. 

Arithmetic  for  Indian  Schools.     By  C. 

Pendlebury,  M.A..  and  T.  S.  Tait.     3^. 

Example  sin  Arithmetic.  By  C.  O.Tc<  key, 

M.A.     With  or  without  Answers.  3/. 

Junior  Practical  Mathematics.    By  VV. 

J.  Stainer,  B.A.  3j\,  with  Answers, 
3  .  6.7.  Part  I.,  is.,  with  Answers,  it.  bd. 
Part  II.,  1,.  6./. 

Elementary  Algehra.    By  w.  M.  Baker, 

M.A.,  and  A.  A.  Bourne,  M.A.  With  or 
without  Answers.  4s.  6d.  In  Two  Parts. 
Part  I.,  is.  6d.,  or  with  Answers,  3*.  Part 
II.,  with  or  without  Answers,  is.  bd. 
Key,  ioj.  net ;  or  in  2  Parts,  $$,  net  each. 
Examples  in  Algebra.  Extracted  from 
above.  With  or  without  Answers,  3$.  Or 
in  Two  Parts.  Part  I.,  is.  bd.,  or  with 
Answers,  it.  Part  II.,  with  or  without 
Answers,  is. 

Examples  in  Algebra.    By  C.  O.-Tuckey, 

M.A.     With  or  without  answers.     3/. 

Supplementary  Examples.    6//.  net. 

Elementary  Algebra  for  use  in  Indian 
Schools.  ByJ.T.  Hathornthwaite,  M.A. 
is. 

Choice  and  Chance.  By  W.  A.  Whit- 
worth,  M.A.     *]s.  bd. 

DCC    Exercises,    including    Hints   for 

the  Solution  of  all  the  Questions  in  "  Choice 
and  Chance."    bs. 

Euclid.  Books  I.— VI.,  and  part  of  Book  XI. 
By  Horace  Deighton,  M.A.  4s.  6d.,  or 
Book  I.,  is.  Books  I.  and  II.,  is.  bd.  Books 
I.— III.,  a/,  bd.  Books  I.— IV.,  3/.  Books 
III.  and  IV.,  is.  bd.    Books  V.— XI.,  3/.  bd. 

Introduction  to  Euclid.  By  Horace 
Deighton,  M.A.,  and  O.  Emtage,  B.A. 
is.  bd. 

Euclid.  Exercises  on  Euclid  and  in  Modern 
Geometry.  Bv  ].  McDowell,  M.A.    bs. 

Elementary  Graphs.  By  W.  M.  Baker, 
M.A.,  and  A.  A.  Bourne,  M.A-    61.  net. 


Elementary  Geometry.  By  W.M.Baker, 

M.A.,and  A.  A.  Bourne,  M.A.  4s.  bd.  Or 
in  Parts.  Book  I.,  is.  Books  I.  and  II., 
is.bd.  Books  \AU.,is.bd.  Books  II.  and  III., 
is.  bd.  Book  IV.,  is.  Books  I.-IV.,  3s. 
Books  II.-IV.,  is.  bd.  Books  III.  and  IV., 
is.  bd.  Book  V.,  is.  bd.  Books  IV.  and  V., 
is,  Books  IV.-VII.,  3*.  Books  V.-VII., 
is.  bd.  Books  VI.  and  VII.,  is.  bd. 
Answers  to  Examples,  bd.  net.    Key,  bs.  net. 

Examples  in  Practical  Geometry  and 

Mensuration.  Bv  |. VV.  Marshall,  M.A. , 
and  C.  O.  Tl-ckey,  M.A.,  IT.  6//. 

A  New  Trigonometry  for  Schools.    By 

W.   G.   Borchardt,    M.A.,   and  the  Rev. 
A.  D.  Perrott,  M.A.     4s.  bd.    Or  in  Two 
Parts,  3 j.  67.  each. 
Key,  10/.  net ;  or  in  2  Parts,  p.  net  each. 

Elementary  Trigonometry.    By  Charles 

Pendlebury,  M.A.,  F.R.A.S.    4s.  bd. 

Short  Course  of  Elementary  Plane  Tri- 

fonometry.      By  Charles   Pendlebury, 
I. A.     is.  bd. 

Elementary  Trigonometry.     By  J.   M. 

Dyer,  M.A.,  and  the  Rev.  R.  H.  Whit- 
combe,  M.A.    4s.  bd. 

Algebraic  Geometry.    By  w.  M.  Baker, 

M.A.  bs.  Part  I.  (  The  Straight  Line  and 
Circle),  2/.  bd.     Key,  *js.  bd.  net. 

Analytical  Geometry    for   Beginners. 

By  Rev.  T.G.  Vyvyan,  M.A.  Part  I.  The 
Straight  Line  and  Circle,     is.  bd. 

Examples   in   Analytical    Conies    for 

Beginners.       By    W.    M.    Baker,    M.A. 
is.  bd. 
ConiC  Sections,  treated  Geometrically.     By 
W.  H.  Besant,  Sc.D.,  F.R.S.  4*.6d.   Key, 
$s.  net. 

Elementary  Conies,  being  the  first  8  chap. 

ters  of  the  above,     is.  bd. 

Conies,  the  Elementary  Geometry  of. 

Bv  Rev.  C.  Taylor,  D.D.     is. 

Differential  Calculus   for   Beginners. 

By  A.  Lodge,  M.A.  With  Introduction  by 
Sir  Oliver  Lodge.    4/.  bd. 

Integral  Calculus  for  Beginners.    By 

A.  Lodge,  M.A.,  4s.  bd. 

Roulettes  and  Glissettes.     By  W.  H. 

Besant,  Sc.D.,  F.R.S.    £s. 
Geometrical     OptiCS.       An     Elementary 
Treatise  by  W.  S.  Aldis,  M.A.    4s. 

The  Elements  of  Applied  Mathematics. 

Including  Kinetics,  Statics,  and  Hydro- 
statics.    By  C.  M.  ]essop,  M.A.     4s.  bd. 

Practical  Mathematics.   By  H.  A.  Stern. 

M.A.,  and  W.  H.  Topham.  4*.  bd.i  or 
Part  I.,  is.  bd. ;  Part  II.,  v.  bd. 

Elementary   Hydrostatics.    By  w.  H. 

Besant,  Sc.D.    4s.  bd.    Solutions,  $s,  net, 
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Cambridge  Mathematical  Series— continued 


The   Student's  Dynamics.     Comprising 

Statics  and  Kinetics.     By  G.  M.  Minchin, 
M.A.,  F.R.S.     31.  6d. 

Elementary    Dynamics.     By    w.    M. 

Baker,  M.A.     New  Revised  Edition,  4?.  6d. 
Key,  iqs.  6d.  net. 

Elementary  Dynamics.   ByW.  Garnett, 

M.A.,  U.C.L.     6s. 
Dynamics,    A    Treatise    on.      By    W     H. 
Besant,  Sc.D.,  F.R.S.     10s.  6d.' 


Heat,  An  Elementary  Treatise  on.     By  W, 
Garnett,  M.A.,  D.C.L.    4s.  6d. 

Elementary  Physics,  Examples  and  Ex. 

amination   Papers  in.      By  W.  Gallatly, 
M.A.    4^. 
Mechanics,    A  Collection   of    Problems   in 
Elementary.     By  W.  Walton,  M.A.    6s. 

Uniform   Volume 
Geometrical   Drawing.     For  Army  and 

other  Examinations.  By  R.  Harris.  3/.  6d. 


The  Junior  Cambridge  Mathematical  Series. 


A  Junior  Arithmetic.  ByC.  Pendlebury, 

M.A.,  and  F.  E.  Robinson,  M.A.     is.  6d. 
With  Answers,  zs. 

Examples  from  a  Junior  Arithmetic. 

Extracted     from     the     above,    it. ;     with 
Answers,  is.  6d. 


A  First  Algebra.  By  W.  M.  Baker,  M.A.. 
and  A.  A.  Bourne,  M.A.  is.  6d.;  or  with 
Answers,  2s. 

A  First  Geometry.     By  W.  M.  Baker, 

M.A.,  and  A.  A.  Bourne,  M.A.     With  or 
w.thout  Answers,     it.  6d. 


Other   Mathematical  Works 


The  Mathematical  Gazette.    Edited  by 

F.  S.  Macaulay,  M.A.,  D.Sc. ;  F.  W.  Hill, 
M.A.  ;  and  W.  J.  Greenstreet,  M.A. 
Published  in  Jan,  March,  May,  July,  Oct. 
and  Dec.     8vo.     ii.6d.net. 

The  Teaching  of  Elementary  Mathe- 
matics, being  the  Report ot  the  Committee 
of  the  Mathematical  Association.     6d.  net. 

A   New  Shilling  Arithmetic      By  c. 

Pendlebury,  M.A.,  and  K.  E.   Robinson, 
M.A.     is. ;  or  with  Answers,  if.  4  '. 
A    Shilling    Arithmetic.        By    Charles 
Pendlebury,    M.A.,    and   W.    S.    Beard, 
F.R.G.S.     is.     With  Answers,  is.  4d. 

Elementary  Arithmetic.     By  the  same 

Authors,  is.  6'/.  With  or  without  Answers. 

Graduated   Arithmetic,  for  Junior  and 

Private  Schools.  By  the  same  Authors. 
In  seven  parts,  in  stilt  canvas  covers. 
Parts  I.,  II.,  and  III.,  3d.  each  ;  Parts  IV., 
V..  and  VI.,  4d.  each  ;  Part  VII.,  6J. 

Answers  to   Parts  I.   and   II.,  4J.   net; 
Parts  III.-VII.,  4/i.  net  each. 

Arithmetic  for  the  Standards  (Scheme 

B).  Standard  I.,  sewed,  2d.,  cloth,  3d.; 
II.,  III.,  IV.,  and  V.,  sewed,  3d. each,  cloth, 
4d.  each;  VI.  and  VII.,  sewed,  4d.  each, 
cloth,  6d.  each.  Answers  to  each  Stand- 
ard, 4<J.  net  each. 

Test  Cards  in  Arithmetic  (Scheme  B). 

ByC. Pendlebury, M.A.  For  Standards  II., 
III.,  IV.,  V.,  VI.  and  VII.     it.  net  each. 

Examination  Papers  in  Arithmetic.  By 

C.  Pendlebury,  M.A.   2s.  6d.    Key,  $s.  net. 


Graduated  Exercises  in  Addition  (Simple 

and  Comoound).     By  W.  S.  Beard,     is. 

Algebra  for  Elementary  Schools.     By 

\V.  M.  Baker,  M.A.,  and  A.  A.  Bourne, 
M.A.  Three  stages,  6d.  each.  Cloth,  8d. 
earh.     Answers,  4?.  net  each. 

A  First  Year's  Course  in  Geometry 

and  Phy3iC3.  Bv  Ernest  Young,  M.A., 
B.Sc.     Parts  I.  and  II.     is.  6d. 

Trigonometry,  Examination  Papers  in. 
By  G.  11.  Ward,  M.A.  2s.  6d.  Key,  is.  net. 

Pure  Mathematics  and  Natural  Phil- 
osophy, A  Compendium  of  Facts  and 
Formulae  in.  By  G.  R.  Smalley,  F.R.A.S. 
Revised  by  J.  McDowell,  M.A.     as. 

Euclid,  The  Elements  of.    The  Enuncia. 

tions  and  Figures.  By  the  late  J.  Brasse, 
D.D.     h.     Without  the  Figures.'6d. 

Hydromechanics.     By  w.   H.    Besant, 

Sc.D.,  and  A.  S.   Ramsey,  M.A.     Part  I., 
Hydrostatics.     6s. 
Hydrodynamics,  A  Treatise  on.     By  A.  B. 
Basset,   M.A.,  F.R.S.      Vol.   I.      10s.  6d. 
Vol.  II.     12s.  6d. 

Hydrodynamics  and  Sound,  An  Elemen. 

tary  Treatise  on.    By  A.  B.  Basset,  M.A., 
F.R.S.    8;. 
Physical  Optics,  A  Treatise  on.     By  A.  B. 
Basset,  M. A.,  F.R.S.     16s. 

Elementary   Treatise   on    Cubic    and 

QuartiC  Curves.  By  A.  B.  Basset,  M.A. , 
F  R.S.     10/.  6d. 

Analytical  Geometry.     By  Rev.  T.  G. 

Vyvyan,  M.A.    4s.  6d. 


Book-keeping  by  Double  Entry,  Theo- 
retical, Practical,  and  for  Examination 
Purposes.  By  J.  T.  Medhurst,  A.K.C., 
E.S.S.     it.  6d. 

Book-keeping,  Examination  Papers  in. 
Compiled  by  John  T.  Medhurst,  A.K.C., 
F.S.S.    is.     Key,  2s.  6d.  net. 


Book-keeping 


Book-keeping,  Graduated  Exercises  and 
Examination  Papers  in.  Compiled  bv  P. 
Murray,  F.S.S. S.,  F.Sc.S.  (Lond.).  2/.  6d. 

Text-Book  of  the  Principles  and  Prac- 
tice of  Book-keeping  and  Estate- 
Office  Work.  By  Prof.  A.  W.  Thomson, 
B.Sc.    $t, 


Select  Educational  Catalogue 


ENGLISH 


GRAMMARS 
By  C.  P.  Mason,  B.A.,  F.C.P. 

First  Notions  of  Grammar  for  Young 

Learners,    r*. 
First  Steps  in  English  Grammar,  for 

Junior  Classes,    u. 
Outlines  of  English  Grammar,  for  the 

Use  of  Junior  Classes.    2s. 
English  Grammar ;  including  the  principles 

of  (ir^mmatical  Analysis.     3f.  6d. 

A  Shorter  English  Grammar.    3'-  6J- 
Practice  and  Help  in  the  Analysis  of 

Sentences.    2s. 
English  Grammar  Practice,  consisting 

of  the   Exercises   of  the  Shorter   English 
Grammar  in  a  separate  form.     M. 

Elementary  English  Grammar  through 

Composition.     By  John  D.  Rose,  M.A. 
is. 
Preparatory   English    Grammar.     By 

W.  Benson,  M.A.     Sd. 

Rudiments  of  English  Grammar  and 

Analysis.     By  Krxe^t  Adams,  Ph.D.     is. 
Examples    for    Analysis    in    Verse    and 
Prose.    Selected  by   F.  Edwards,     is. 

The  Paraphrase  of  Poetry.    By  Edmund 

Candler,     it.  6.1. 

Essays  and  E3say-Writing,  for  Public 
Examinations.  By  A.  \V.  Ready,  B.A. 
2,s.  bd. 

Precis  and  Precis-Writing.  By  A.  W. 
Ready.  B.A.  4* .  «//.   Or  u  ith.mt  Key,  y.6d. 

Elements  of  the  English  Language.    By 

Ernest  Adams,    Ph.D.     Revised  by  J.   V. 
Davis,  D.LlT.,  M.A.     4*.  fid. 

History  of  the  English  Language.    By 

Prof.  T.  R.  Lounsbury.     is. 

Ten  Brink's  Early  English  Literature. 

3  vols.     3-r.  6..'.  each. 


Introduction   to    English   Literature 

By  Henry  S.  Pancoast.     is. 

Handbooks    of    English     Literature. 

Edited  by  Prof.  Hales.    3s.  6d.  net  each. 
The  Age  of  Chaucer.  (1346-1400.)  By  F.  J. 

Snkll. 
The  Age  of  Transition  (i4oo-i$8o).     By 

F.  J.  Snell,  M.A.      a  vols. 
The  Age  of  Shakespeare  (1579-1631).     By 

Thomas  Seccombe  and  J.  W.  Allen. 

3  vols.      Vol.    I.      Poetry  and    Prose. 

Vol.   II.     Drama. 
The  Age  of   Milton.     (1633— 1660.)     By 

the  Rev.  J.  H.  B.  Masterman,  M.A., 

with    Introduction,   etc.,  by    J.    Bass 

Mullinger,  M.A. 
The  Age  of  Dryden.     (1660— 1700.)    By 

R.  Garnett,  LL.D.,  C.B. 
The  Age    of    Pope.      (1700- 1744.)      By 

John  Dennis. 
The  Age  of  Johnson.      (1744— 1798.)     By 

Thomas  Seccombe. 
The  Age  of  Wordsworth.    (1798— 1833.) 

By  Prof.  C.  H.  Herford,  Litt.D. 
The  Age  of  Tennyson.    (1830— 1870.)    By 

Prof.  Hugh  Walker. 
Notes  on  Shakespeare's  Plays.     With 

Introduction,  Summary,  Notes  (Etymologi- 
cal and  Explanatory),  Proscay,  Grammati- 
cal Peculiarities,  etc.  By  T.  Duff  Bar- 
nett,  B.A.     is.  each. 

Midsummer  Night's  Dream.  —  Julius 
Czesar.  —  The  Tempest.  —  Macbeth — 
Henry  V. — Hamlet. — Merchant  of  Venice. 
— King  Richard  II. — King  John. — King 
Richard  HI. — King  Lear. — Coriolanus. — 
Twelfth  Night.— As  You  Like  It.— Much 
Ado  About  Nothing. 


Bell's  English  Texts  for  Secondary  Schools 

Edited  by  A.  Guthkelch,  B.A. 


First  Year. 
Kingsley's  Heroes.     Edited  by  L.  H.  Pond, 

B.A.     With  2  maps.     is. 
Lamb,  Tales  from  Shakespea-e.     Selected 
and  edited  by  R.  S.  Bate,  M.A.     lod. 

Second  Year. 

Scott's   Legend   of    Montrose    (Abridged), 

edited  by  F.'C.  LuCKHORST. 

[In  Preparation. 
Stories  of  King  Arthur,  from    Malorv  and 

Tennyson.     Edited  by  R.  S.  Bate,  M.A. 

is. 
Charles    Reade,    The     Cloister    and     the 

Hearth,    abridged    and    edited    by   the 

Rev.  A.  E.  Hall,  B.A.     [In  Preparation. 

The  Teaching  of  English  Literature  in  the  Secondary  School 

kelch,  B.A.,and  R.  S.   Bate,  M.A.     Crown  8vo, 


Third  Year. 
Coleridge,    The    Ancient    Mariner;     and 
Selected   Old   English    Ballads.     Edited 
by  A.  Guthkelch,  B.A.     is. 
Selections  from  Boswell's  Life  of  Johnson. 
[Preparing. 
Fourth  Year. 
Charles      Lamb,      Selected     Essays     and 
Letters.     Edited  by  A.  Guthkelch,  B.A. 
With  Map  of  London,     it.  ^d. 
Paradise  Lost.     Selections  chosen  to  give 
the  Story  of  the  whole  Poem.     Edited  by 
A.  P.  Nicholls.  [Preparing. 

Chaucer,  The  Prologue  to  the  Legend  of 
Good    Women.       Edited    by    A.   Guth- 
kelch, B.A.  [Preparing. 
English  Odes.     Edited  by  E.  A   J.  Marsh, 
M.A.  [Preparing. 
By  A.   Guth- 
[Preparing. 
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Bell's    English   Classics 


Bacon's  Essays.      (Selected.)      Edited    by 
A.  E.  Roberts,  M.A.     ix.  bd. 

Browning,  Selections  from.     Edited  by 

F.  Ryland,  M.A.     is.  bd. 

Strafford.     Edited  by  E.  H.  Hickey. 

25.  bd. 

Burke's  Letters  on  a  Regicide  Peace. 

I.  and  II.  Edited  by  H.  G.  Keene,  M.A., 
CLE.     35. ;  sewed,  25. 

Byron's  Siege  of  Corinth.    Edited  by  P. 

Hordern.     is.  6d. :  sewed,  is. 

Byron's  Childe  Harold.     Edited  by  H. 

G.  Keene,  M.A.,  CLE.  3s.  bd.  Also 
Cantos  I.  and  II.,  sewed,  it.  gd.  Cantos 
III.  and  IV.,  sewed,  is.  gd. 

Carlyle's    Hero   as    Man   of   Letters. 

Edited  by  Mark  Hunter,  M.A.  as.  ; 
sewed,  is.  bd. 

Hero    as    Divinity.       By    Mark 

Hunter,  M.A.     2s. ;  sewed,  is.  bd. 

Chaucer's   Minor    Poems,    Selections 

from.  Edited  by  J.  B.  Bilderbeck,  M.A., 
2S.  bd. ;  sewed,  is.  Qd. 

De  Quincey's  Revolt  of  the  Tartars 
and  the  English  Mail-Coach.    Edited 

by  Cecil   M.   Barrow,   M.A.,  and   Mark 
Hunter,  M.A.,  35.  ;  sewed,  is. 
V*  Revolt  of  the  Tartars,  separately,    is.  bd. 

Opium    Eater.        Edited     by     Mark 

Hunter,  M.A.     4s.  bd. ;  sewed,  3s.  bd. 

Goldsmith's    Good-Natured   Man   and 
She  Stoops  to  Conquer.    Edited  by  K. 

Deighton.     Each,  2s.  cloth;  is.  bd.  sewed. 
***  The  two  plays  together,  sewed,  2.r.  bd. 

Traveller   and  Deserted  Village. 

Edited  by  the  Rev.  A.  E.  Woodward,  M.A. 
Cloth,  2s.,  or  separately,  sewed,  xod.  each. 

Irving's  Sketch  Book.     Edited  by  R-.  G. 

Oxenham,  M.A.     Sewed,  is.  bd. 

Johnson's  Life  of  Addison.     Edited  by 

F.  Ryland,  M.A.     at.  bd. 

Life  Of  Swift.     Edited  by  F.  Ryland, 

M.A.     2s. 

Life  Of  Pope.     Edited  bv  F.  Ryland, 

M.A.     3 s.  bd. 

%*  The  Lives  of  Swift  and  Pope,  together, 
sewed,  is.  bd. 

Teunyson-The    Princess.      Edited   by 
Prof.  L.  A.  Sherman.    i6mo.    3*.  6/7. 


Edited  by  F. 


Johnson's  Life  of  Milton 

Ryland,  M.A.     is.  bd. 

Life  Of  Dryden.    Edited  by  F.  Ryland, 

M.A.     is.  bd. 

***  The  Lives  of  Milton  and  Dryden, 
together,  sewed,  2s.  bd. 

-  Lives    of    Prior    and    Congreve. 

Edited  by  F.  Ryland,  M.A.     is. 

Kingsley's    Heroes.      Edited   by  A.  E. 

Roberts,  M.A.     Illustrated,     is. 
Lamb's  Essays.      Selected  and  Edited  by 
K.  Deighton.    3*. ;  sewed,  is. 

Longfellow,  Selections  from,  includ- 
ing Evangeline.  Edited  by  M.  T.'Quinn, 
M.A.     25.  bd. ;  sewed,  is.  gd. 

***  Evangeline,  separately,  sewed,  is.  3d. 

I  Macaulay's   Lays   of   Ancient   Rome. 

Edited   by  P.   Hordern.     is.  bd. ;    sewed, 
is.  qd. 

j  Essay    On    Clive.       Edited   by   Cecil 

Barrow,  M.A.     is.;  sewed,  is.  bd. 

Massinger's  A  NewWay  to  Pay  Old  Debts. 

Edited  by  K.  Deighton.    3s. ;  sevvea,  2s. 

Milton's  Paradise  Lost.  Books  III.  and  IV. 

Edited  by  R.  G.  Oxenham,  M.A.  is. ;  sewed, 
is.  bd.,  or  separately,  sewed,  10J.  each. 

Paradise  Regained.     Edited  by 

Deighton.     is.  bd.;  sewed,  is.  gd. 

Pope's  Essay  on    Man.     Edited   by 

Ryland,  M.A.     is.  bd.;  sewed,  is. 

Pope,  Selections  from.      Edited  by 

Deighton.     is.  bd.;  sewed,  is.  gd. 

Scott's  Lady  of  the  Lake.     Edited 

the  Rev.  A.  E.  Woodward,  M.A.     3s.  bd. 
The  Six  Cantos  separately,  sewed,  8d.  each. 

Shakespeare's  Julius  Csesar.    Edited  by 

T.  Duff  Barnett,  B.A.  (Lond.).     is. 

Merchant    of   Venice.      Edited   by 

T.  Duff  Barnett,  B.A.  (Lond.).     is. 

TempesL.    Edited  by  T.  Duff  Barnett, 

B.A.  (Lond.).     21. 

Wordsworth's     Excursion.       Book     1. 

Edited  by  M.  T.  Quinn,  M.A.  Sewed,  is.  3d. 


K. 


K. 


bv 


Dry  den's  Essays  on  the  Drama.    Edited 

by  William  Strijnk,  jmi.     i6mo.     is.bl. 


Readers 


York  Readers.  A  new  series  of  Literary 
Readers,  with  Coloured  and  other  Illus- 
trations. 

Primer  I.     3d.     Primer  II.     44. 
Infant  Reader,    bd. 
Introductorv  Reader.     8J. 
Reader,    Book   I.    gd.       Book   II.      io</. 
Book  III.  u.     Book  IV.     15.3^.   Book 
V.     is.  bd. 


York  Poetry  Books.     3  Books, 
covers,  bd.  each  ;  cloth,  Sd.  each. 


Paper 


Books  for  Young  Readers.    Illustrated. 
bd.  each 

/Esop's  Fables 

The  Old  Boat-House,  etc. 

Tot  and  the  Cat,  etc. 

The  Cat  and  the  Hen,  etc. 

The  Two  Parrots 

The  Lost  Pigs 

The  Story  of  Three  Monkeys 

The  Sto.»-v  of  a  Cat 

Queen  Bee  and  Busy  Bee 

Gull's  Crag 
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Readers — continued 


Bell's     Reading     Books.       Continuous 

Narrative    Readers.       Post   8vo.        Cloth. 
Illustrated,     is.  each 

Great  Deeds  in  English  History 

Adventures  of  a  Donkey 

Grimm's  Tales 

Great   Englishmen 

Great  Irishmen 

Andersen's  Tales 

Life  of  Columbus 

Uncle  Tom's  Cabin 

SwisA  Familv  Robinson 

Great  Englishwomen 

Great  Scotsmen 

Edgeworth's  Tales 

Gatty's  Parables  from  Nature 

Srott's  Talisman 

Marryat's  Children  of  the  New  Forest 

Dickens'  Oliver  Twist 

Dickens'  Little  Nell 

Masterman  Ready 

Marryat's  Poor  Jack 

Arabian  Nights 

Gulliver's  Travels 

Lyrical  Poetry  for  Boys  and  Girls 

Vicar  of  Wakefield 

Scott's  Ivanhoe 

Lamb's  Talcs  from  Shakespeare 

Robinson  Crusoe 

Tales  of  the  Coast 

Settl.  rs  in  Canada 

Southey's  Life  of  Nelson 

Sir  Roger  de  Cove' ley 

Sjott's  Woodstock 


Bell's  Geographical  Readers.    By  M.  J. 

Barringtun-Ward,  M.A. 

The  Child's  Geography  Illustrated. 
Stiff  paper  cover,     bd. 

The  Round  World.  (Standard  II.)  Illus- 
trated,    is. 

About  England.  (Standard  III.)  With 
Illustrations  and  Coloured  Map.    is.  ^d. 

Bell's  Animal  Life  Readers.    A  Series  of 

Reading  Books  for  the  Standards,  designed 
to  inculcate  the  humane  treatment  of 
animals.  Illustrated  by  Harrison  Weir 
and  others. 

***  Full  Prospectus  on  application. 

Abbey  History  Readers.    Revised  by  the 

Rt.  Rev.  F.  A.  Gasquet,  D.D.     Fully  Illus- 
trated : 
Early   English    History  (to  1066).     is. 
Stories  from  English  History,  1066-148$. 

u.  3d. 
The  Tudor  Period.     (1485-1603).     is.  3d. 
The  Stuart  Period.    (1603-1714).     it.  bd. 
The     Hanoverian     Period.      (1714-1835). 
it.  6-.'. 

Bell's  History  Readers.   With  numerous 
Illustrations. 

Early  English  History  (to  ic66).     is. 
Stories  from  English   History,  1066-148^. 

It.  %<t. 
The  Tudor  Period  (i48<-i6o3).     IS.  3d. 
The  Stuart  Period  (1603-17 14).     is.  6d. 
The  Hanoverian  Period (1714-1837).  is.6d. 


MODERN   LANGUAGES 
French  and  German  Class  Books 


Bell's  French  Course.  B\  R.  p.  Atherton, 

M.A.  Illustrated.  2  Parts,  is.  bd.  each. 
Key  to  the  Exercises,  Part  L,  bd.  net; 
Part  II.,  is.  net 

Bell's  First  French  Reader.     By  R.  P. 

Atherton,  M.A.     Illustrated,    it. 
French  Historical  Reader.     By  H.   N. 

Adair,  M.A.     it  W. 

Gasc's  French  Course 
First  French  Book.    it. 
Second  French  Book.    1*  6</. 
Key  to  First  and  Second  French  Books. 

3.1.  bd.  net. 
French  Fables  for  Beginners,    it.  bd. 
Histoires  Amusantes  et  Instructives.  2s. 
Practical    Guide    to    Modern   French 

Conversation,    n.bd. 
French  Poetry  Tor  the  Young.    With 

Notes,      It.  6./. 

Materials    for    French     Prose    Com- 
position.    3'-     Ke\,  (•.'.  net. 
Prosateurs  Contemporains.   3*.  6,/. 

Le    Petit    Compagnon;     a    French    Talk- 
Book  for  Little  Children,     ix.  6,i. 

By  the  Rev.  A.  C.  Clapin 
French  Grammar  for  Public  Schools. 
I*,  bd.     Key,  3/.  bd,  net. 


French  Primer,    is. 

Primer  of  French  Philology,    tt. 

English  Passages  for  Translation  into 

French.     2s.  6  I.     Key,  41-  net. 

A  German  Grammar  for  Public  Schools. 

2/.  6./. 

By  Professor  A.  Barrere 
Precis  of  Comparative  French  Grammar 

and  Idioms.    3*-  bd. 
Recits    Militaires.      With    Introductions 

and  Notes.    3s. 

j  Bell's  First  German  Course.  By  L.  B.  T. 
Chaffkv.  M.A.    2s. 

Materials  for  German  Prose  Com- 
position   By  Dr.  C.  A.  Buchheim.  4*.  6,/. 

i  A  Kev  to  Pts.  I.  and  II. ,  3s.  net.  Pts.  III. 
and  IV.,  4-f.  net. 

First  Book  of  German  Prose.     Being 

Parts     I.    and    II.     of     the    above,    with 
Vocabulary,     is.  bd. 
Military   and  tfaval  Episodes.    Edited 

l-y  Professor  Aloys  Weiss,  Ph.D.     3s. 

History  of   German   Literature.     By 

I'rofes-or  Kdxo  Francke.     iox.  net 

Handbook  of  German  Literature.    By 

Mary  E.  Phillips,  LL.A.     3s.  bd. 
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Gasc's  French  Dictionaries 

FRENCH-ENGLISH  AND  ENGLISH-FRENCH  DICTIONARY.    8th  Edition,  reset  and 
Enlarged.     Large 8vo.     12s.  bd. 

CONCISE  FRENCH  DICTIONARY.     Medium  i6mo.    3s.bd.    Or  in  Two  Parts,    ax.  each. 

POCKET  DICTIONARY  OF  THE  FRENCH  AND  ENGLISH  LANGUAGES.  i6mo.  %s. bd. 


French  and  German  Annotated  Editions 


Balzac.    Ursule  Mirouet.   By  J.  BoIelle.  3/. 

Claretie.      Pierrille.   By  J.  Boielle.    2s.  bd. 

Daudet.  La  Bel!e  Nivernaise.  By  J.  Boielle. 
2/. 

F^nelon.  Aventnres  de  T£lemaque.  By 
C.  .].  Uelille.     2s.  6d. 

Greville.       Le    Moulin    Frappier.       By  J. 

BoIELLE.       3S. 

HugO.     Bug  Jargal.     By  J.  Boielle.     3/. 

La  Fontaine.  Select  Fables.  By  F.  E.  A. 
Gasc.     is.  bd. 

Lamartine.  LeTailleur  dePlerres  de  Saint- 
Point.     By  J.  Boielle,  B.-es-L.     is.  bd. 

Saintine.  Picciola.  By  Dr.  Dubuc.  is.  6d. 
Voltaire.  Charles  XII.  By  L.  Djrky.  is.6d. 
Gombert's  French  Drama.     Re-edited, 

with   Notes,   by   F.   E.  A.  Gasc.     Sewed, 
bd.  each. 

M0li6re.  Le  Misanthrope.—  L'Avare.— 
Le  BourgeoisGentilhomme. — LeTartuffe. 
— Le  Malade  Imaginaire. — Les  Femmes 
Savantes. — Les  Fouiberies  de  Scapin. — 
Les  Prepenses  Ridicules. — L'Ecole  des 
Femmes.  —  L'Ecole  des  Maris.  —  Le 
Medecin  Malg-.e*  Lui. 

Racine.  La  Thebaide. — Andromaque. — 
LesPlaideurs. — Iphigenie. — Britannicus. 
— Phedre.— Esther.— Athalie. 

Corneille.  Le  Cid.— Horace.—  Cinna.— 
Polyeucte. 

Auerbach.  Auf  Wache.  Novelle  ven 
Berthold  Auerbach.  Der  Gefrorene  Knss. 
Novelle  von  Otto  Roquette.  By  A.  A. 
Macdonell,  M.A.,  Ph.D.     2s. 

SchwarzwaL'er    Dorfgeschichten.       A 

Select  on.     Bv  |.  F.  Davies,  D.Litt.,  M.A., 
and  Prof.  A.  Weiss,  Fh.D.    2s. 

Bechsteln.  Neues  Deutches  Marchenbuch. 
A  Selection.  By  P.  vShaw  Jeffrey,  M.A. 
is.  6d. 

BenediX.  Doktor  Wespe.  By  Professor  F. 
Lance,  Ph.D.     zs.  6d. 


Ebers.    EineFrage.    By  F.  Storr,  B.A.    ax. 

Freytag.     Die  Journalisten.     By  Professor 
F.  Lange,  Ph.D.     2s.  6d. 

Soil  und  Haben.     ByW.  Han-by  Crimp, 

M.A.     2s.  6d. 

German  Ballads  from  Uhland,  Goethe, 

and    Schiller.       By    C.    L.     Bielefeld. 
j      is.  bd. 

German  Epic  Tales  in  Prose.    I.  Die 

Nibclungen,  \on  A.  F.  C.  Vilmar.  II. 
Walther  und  Hildegund,  von  Albert 
Richter.   By  Kail  Neuhaus,  Ph.D.   2s. bd. 

Goethe.      Egm6nt.      By  Professor  R.   W. 
Deering.     2s.  6d. 

Hermann   und  Dorothea.     By  E.  Bell, 

M.A.,  and  E.  Wolfel.     is.  bd. 


GutzkOW.     Zopf  und  Schwert.    By  Professor 
F.  Lange,  Ph.D.     2s.  bd. 


By  Professor  H. 


Hey.     Fabeln  fur  Kinder. 
Lange,  Ph.D.     is.  6d. 


Heyse.    Hans  Lange.    By  A.  A.  Macdonell, 
M.A.,  Ph.D.    as. 

Hoffmann.      Meister   Martin,   der   Kufner. 
By  F.  Lange,  Ph.D.     is.  bd. 

Schiller's     Jugendjahre. 

Crump,  M.A.     is.  bd. 

LeSSing.       Minna      von      Barnhelm 
Professor  A.  B.  Nichols.     2/.  6d. 


Mcser. 

Ph.D. 


Der  Bibliothekar. 

2S. 


By     Hanby 
By 
By  F.  Lange, 


Scheffel.  Ekkehard.  Abridged  edition,  by 
Herman  Hager,  Ph.D.    3/. 

Schiller.  Wallenstein.  By  Dr.  Buchheim. 
Ss.  Or  the  Lager  and  Piccolomini,  2s.6d. 
Wallenstein's  Tod,  2s.  (sd. 

Maid  of  Orleans.     By  Dr.  W.  Warner. 

is.  bd. 
Maria  Stuart.     By  V.  Kastner.     is.  bd. 

WildenbniCh.  Ein  Opfer  des  Berufs  und 
Mein  Onkel  aus  Pommern.  By  R.  C. 
Perry,  M.A.     is. 
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Bell's  Modern  Translations 

A    Series    of    Translations    from    Modern    Languages,    with     Memoirs, 
Introductions,  etc.     Crown  8vo.     15.  each 


Dante.     Inferno.    Translated   by  the   Rev. 

H.  F.  Cary,  M.A. 
Purgatorio.      Translated    by  the    Rev. 

H.  F.  Cary,  M.A. 
Paradise      Translated     by     the     Rev. 

H.  F.  Cary,  M.A. 
Goethe.     Egmont.      Translated    by    Anna 

SWANWICK. 

IphigeniainTauris.  Translated  by  Anna 

Swanwick. 
Goetz  von  Berllchingen.    Translated  by 

Sir  Walter  Scott. 
Hermann  and  Dorothea.    Translated  by 

E.  A.  Bovvring,  C.B. 
Hauff.    The   Caravan.      Translated    by  S. 

Mendel. 
—  The  Inn  in  the  Spessart.     Translated  by 

S.  Mendel. 
Lessing.     Laokoon.    Translated    by  E.   C. 

Beasley. 
Nathan     the     Wise.      Translated     by 

R.  Dillon  Boylan. 


Lessing.  Minna  von  Barnhelm.  Translated 
by  Ernest  Bell,  M.A. 

Moli'ere.  Translated  by  C.  Heron  Wall. 
8  vols.  The  Misanthrope. — The  Doctor  in 
Spite  of  Himself.— Tartufle.— The  Miser.— 
The  Shopkeeper  turned  Gentleman- — The 
Arlected  Ladies.— The  Learned  Women.— 
The  Impostures  of  Scapin. 

Racine.  Translated  by  R.  Bruce  Boswell, 
M.A.  S  vols.  Athalie.— Esther.— Iphi- 
genia. — Andromache. — Britannicus. 

Schiller.  William  Tell.  Translated  by 
Sir  Theodore  Martin,  K.C.B.,  LL.D. 
Neiv  edition,  entirely  re-vised. 

The   Maid  of  Orleans.    Translated   by 

Anna  Swanwick. 

Mary  Stuart.   Translated  by  J.  Mellish. 

Wallenstein's  Camp  and  the  Piccolo- 
mini.  Translated  by  J.  Churchill  and 
S.  T.  Coleridge. 

I The  Death  of  Wallenstein.     Translated 

I      by  S.  T.  Coleridge. 


*m*  For  other  Translations  from  Modern  Languages,  see  the  Catalogue  of 
Bohn's  Libraries,  which  will  be  forwarded  on  application. 


SCIENCE    AND    TECHNOLOGY 


Elementary  Botany.  By  Percy  Groom, 
M.A.,D.Sc,  F.L.S.  With 275  Illustrations. 
3-f.  6d. 

The  Botanist's  Pocket-Book.    By  W.  R. 

Hay  ward.    45.  6rf. 

An  Introduction  to  the  Study  of  the 
Comparative  Anatomy  of  Animals. 

By  G.  C.  Bourne,  M.A.,  D.Sc.  With 
numerous  Illustrations,  a  Vols.  4s.  6d.  each. 

Vol.  I.  Animal  Organization.  The  Pro- 
tozoa and  Ccelenterata. 

Vol.  II.  The  Ccelomata. 

A  Manual  Of  Zoology.  By  Richard  Hert- 
wig.  Translated  by  Prof.  J.  S.  Kixosley. 
Illustrated.     12s.  6 J.  net. 

Injurious  and  Useful  Insects.  An  Intro- 
duction to  the  Study  of  Economic  Ento- 
mology. By  Professor  L.  C.  Miall,  F.R.S. 
With  100  illustrations,    y.  6d. 


An  Introduction  to  Chemistry.   By  D.  S. 

Macnair,  Ph.D.,  B.Sc.     2s. 

Chemical   Laboratories    for    Schools. 

Hints  to  teachers  as  to  the  method  of  plan- 
ning and  fitting  up  a  school  laboratory  and 
of  conducting  a  school  course  in  Chemistry. 
By  D.  S.  Macnair.     6d. 

Elementary  Inorganic  Chemistry.    By 

Professor  James  Walker,  D.Sc.     3s.  6d. 

Introduction   to    General    Inorganic 

Chemistry.  By  Dr.  Alexander  Smith. 
p.  6d.  net. 

First    Year's    Course     in    Practical 

Physics.     By  James  Sinclair,     is.bii. 

Second   Year's    Course    in   Practical 

Physics.     By  James  Sinclair. 

\_ln  the  Press. 
Turbines.     By  W.   H.  Stuart    Garnett. 

8vo.     8s.  6d.  net. 
Electrons.      By  Sir  Oliver  Lodge.  D.Sc, 

F.R.S.    8vo.     6*.  net. 
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Technological  Handbooks 

Edited  by  Sir  H.  Trueman  Wood 

Specially  adapted  for  candidates    in  the   examinations    of    the    City  and 
Guilds  Institute.     Illustrated 

Woollen  and  Worsted  Cloth  Manufac- 1  Cotton    Spinning :    Its    Development, 
ture.  By  Prof.  Roberts  Bkaimont.  7-r.  6^.  '     Principles,  and  Practice.  By  k.  Mars- 

Soap  Manufacture.    By   W.    Lawrence  j     den.    6s.  bd. 
Gadd,  F.I.C.,  F.C.S.    sj.  Cotton    Weaving:    Its    Development, 

Plumbing:  it  Principles  and  Practice.       Principles,  and  Practice.  By  R.  Mars,. 

By  S.  Stevens  Hellyer.     $s.  den.     iov.  bd. 

Gas  Manufacture.    By  J.  Hornby,  F.I.C.    Coach    Building.     By  John    Philipson, 

?f.  M.Inst.  M.E.    6;. 

Silk-Dyeing  and  Finishing.    By   J.  H.    Bookbinding.    By  J.  W.  Zaehnsdorf.    $s. 

Hurst,  F.C.S.     >]s.  bd. 

Printing.    A  Practical  Treatise.    By  C.  T.  i  The  Principles  of  Wool  Combing.    By 

Jacobi.    >js.  bd.  j       Howard  Priestman.     bs. 

Music 

Music,  A  Complete  Text-Book  of.    By  j  Music,  A  Concise  History  of.    By  Rev. 

Prof.  H.  C.  Banister.     $s.  j      H.  G.  Bonavia  Hunt,  Mus.  Doc.    3/.  6d. 


MENTAL    AND    MORAL    SCIENCE 


Psychology:  An  Introductory   Manual  for 

University  Students.     By  F.  Ryland,  M.A. 

With    lists    of    books   for    Students,   and 

Examination     Papers      set     at      London 

University.     41.  bd. 
EthiCS  :  An  Introductory  Manual  for  the  use 

of  University  Students.      By  F.  Ryland, 

M.A.     31.  bd. 
Logic.     An  Introductory  Manual  for  the  use 

of   University  Students.     By  F.   Ryland, 

M.A.    4J.  bd. 

The  Principles  of  Logic.    By  Prof.  H.  A. 

Aikins,  Ph.D.    6/.  bd. 

Handbook  of  the    History   of  Phil- 
osophy.    By  E.  Beleort  Bax.    is. 


I  History  of  Modern  Philosophy.    By  R. 

Falckenberg.      Trans,    by     Prof.    A.    C. 

j      Armstrong.     16/. 

Bacon's  Novum  Organum  and  Advance- 
1     ment  of  Learning.    Edited  by  J.  D  eve,, 

M.A.     \s. 

;  Hegel's  Lectures  on  the  Philosophy  of 

History.     Translated  by  J.  Sibree,  M.A. 
J      Small  post  8vo.    $s. 

Kant's  Critique  of  Pure  Reason.  Trans- 

j      lated  bv  ].  fa.  D.  Meiklejohn.     <s. 

Kant's  Prolegomena  and  Metaphysical 
!    Foundations  of  Science.  Translated  by 

I      E.  Belfort  Bax.     <S. 

!  Locke's  Philosophical  Works.  Edited  by 

j      J.  A.  St.  John.     2  vols.     3s.  bd.  each. 


Modern  Philosophers 

Edited  by  Professor  E.  Hershey  Sneath 


Descartes.  The  Philosophy  of  Des- 
cartes. Selected  and  Translated  by  Prof. 
H.  A.  P.  Torre y.     bs.  net. 

Hume.     The    Philosophy    of    Hume. 

Selected,  with  an   Introduction,   by  Prof. 
Herbert  A.  Aikins.    4s.  net. 


Locke.    The  Philosophy  of  Locke.    By 

Prof.  John  E.  Kussell.     \s.  net. 

Reid.    The  Philosophy  of  Reid.    By  E. 

Hershey  Sneath,  Ph.D.     bs.  net. 

Spinoza.    The  Philosophy  of  Spinoza. 

Translated  from  the  Latin,  and  edited  with 
Notes  by  Prof.  G.  S.  Flllerton.     6/.  net. 
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POLITICAL    ECONOMY 


Industrial  Combination.      By  d.    h. 

Macgregor.     *]s.  bd.  net. 

Introduction  to  Economics.    By  Prof. 

H.  R.  Seager.     Ss.  bd.  net. 

Economic  Inquiries  and  Studies.    By 

Sir  Robert<-iffen,  K.C.B.  2\ols.  2u.net. 

Industrial   Evolution.     By  Prof.   Carl 

Bucher.     Translated  by  S.  Mohley  Wick- 
ett,  Ph.D.     12s.  net. 


Money  and  Banking.  An  Introduction  to 
the  Study  of  Modern  Currencies.  By 
William  A.  Scott,  Ph.D.     io.'.  net. 

Ricardo  on  the  Principles  of  Political 
Economy  and  Taxation.     Edited  by 

E.  C.  K  Conner,  M.A.     is. 

Adam  Smith's  Wealth  of  Nations.  Edited 
bv  Ernest  Belfort  Bax.  2  vols.  35.  (■d. 
each. 


HISTORY 

Liugard's  History  of  England.     Newly   Life  of  Napoleon  I. 


abridged  and  brought  down  to  1902.  By 
Dun  H.  N.  Birt.  With  a  Preface  by 
Abbot  Gasquet,  D.D.  With  Maps,  $s. ; 
or  in  2  vols.  Vol.  I.  (to  1485),  2s.  6d. 
Vol.  II.  (T485-1002),  3s. 

A  Practical  Synopsis  of  English  Hist- 
ory.    By  Arthur  Bowes,     is. 

Leading  Documents  of  English  History. 

Edited  by  Dr.  Guy  Carleton  Lee.  7/.  bd. 
net. 

Strickland's  Lives  of  the  Queens  of 

England.     6  vols.     $s.  each. 
V*  Abridged  edition  for  the  use  of  Schools 
and  Families.     6s.  6d. 

Dyer's  History  of  Modern  Europe,    a 

new  edition.  Revised  throughout  and 
brought  up  to  date  by  Arthur  Hassall, 
MA.     6  vols.     With  Maps.     6x.net  each. 

The  Foundations  of  Modern  Europe. 

By  Dr.  Emil  Reich.     5/.  net. 


By  John  Holland 
"    Rose,  Litt.D.     2  vols.     10x.net. 

Carlyle's    French    Revolution.     Edited 

by  J.    Holland   Rose,    Litt.D.      3   vols. 
With  numerous  Illustrations.     15/. 

Michelet's  History  of  the  French  Revo- 
lution from  its  earliest  indications  to  the 
flight  of  the  King  in  1791.     3s.  bd. 

Mignet's  History  of  the  French  Revo- 
lution, from  1789  to  1814.    5/.  bd. 

Gregorovius'  History  of  the  City  of 
Rome  in  the  Middle  Ages.    Translated 

by  Annie  Hamilton.    8  vols.    £$.  3*.  net. 
Also  sold  separately. 

Select  Historical  Documents  of   the 

Middle  Ages.     Translated  and  edited  by 
Ernest  F.  Henderson,  Ph.D.    $s. 
Menzel's  History  of  Germany.     3  vols. 

3-r.  bit.  each. 

Ranke's  History  of  the  Popes.  Trans- 
lated by  E.  Foster.    3  vols.    3s.  bd.  each. 


For  other  Works  of  value  to  Students  of  History,  see  Catalogue  of  Historical  Books, 
sent  post  free  on  application 


ART 

Messrs.  Bell's  Catalogue  of  Boohs  for  Artists  and  Art  Workers  will  be  sent 
to  any  address  on  application 


By  Walter  Crank. 

The  Bases  of  Design.  With  200  illustra- 
tions,   bs.  net. 

Line  and  Form.  With  175  Illustrations. 
bs.  net. 

The  Decorative  Illustration  of  Books. 

With  165  Illustrations,     bs.  net. 
Ideals    in    Art.       With    131     Illustrations. 
10s  bd  net. 


Anatomical  Diagrams  for  the  Use  of 

Art  Students.  By  James  M.  Dunlop. 
A.R.C.A.  With  Introductory  Preface  bv 
Prof.  John  Cleland,  M.D..  LL.D.,  F.R.S. 
With  7r  Plates,  printed  in  three  colours. 
6s.  net. 


Drapery  in  Art.    By  G.  w.  Rhead,  r.e. 

With  bo  Illustrations.     6s.  net. 

Light  and  Water.  An  Essay  on  Reflexion 
and  Colour  in  River,  Lake  and  Sea.  By 
Sir  Montague  Pollock,  Bt.  With  many 
illustrations.     10s.  bd.  net. 

Alphabets.  A  Handbook  of  Lettering  for 
the  use  of  Artists,  Designers,  Handicrafts- 
men, and  Students.  ;  By  Edward  F. 
Strange.     With  200  Illustrations.     5s. 

Practical  Designing.  A  Handbook  on  the 
Preparation  of  .Working  Drawings.  Edited 
by  Gleeson  White,    Freely  Illustrated.    5s. 

Lectures  and  Lessons  on  Art.    By  the 

late    F.    W.     Moody.      With    Diagrams. 
4s.  bd. 


WEBSTER'S 

INTERNATIONAL    DICTIONARY 

THE  BEST  PRACTICAL  DICTIONARY  OF  THE  ENGLISH  LANGUAGE 

New  Edition,  revised  and  enlarged,  with  a  Supplement  of  25,000 
words  and  phrases 

Medium  4V0.    2,348  pages,  5,000  Woodcuts 
THE    BEST    FOR   TEACHERS    AND    SCHOOLS 

Rev.  JOSEPH  WOOD,  D.D.,  Head  Master  of  Harrow  School :— "  I  have  always 
thought  very  highly  of  its  merits.  Indeed,  I  consider  it  to  be  far  the  most  accurate 
English  dictionary  in  existence.  For  daily  and  hourly  reference,  '  Webster'  seems'to  me 
unrivalled." 

Rev.  G.  C.  BELL,  M.A.,  Head  Master  of  Marlborough  College  :— "  I  have  taken  time  to 
test  its  usefulness,  and  I  can  say  without  reserve  that  I  have  found  it  most  interesting  and 
valuable.  Constantly  I  lurn  to  it  for  an  answer  to  questions  suggested  in  reading  or  con- 
versation, and  1  always  find  help.     I  wish  I  had  made  acquaintance  with  it  earlier." 

Rev.  G.  H.  RENDALL,  M.A.,  Litt.D.,  Head  Master  of  Charterhouse  School:— 
"During  the  last  six  months  I  have  tested  your  dictionary  by  frequent  use  as  occasion 
arose.  It  is  a  masterpiece  of  directness  and  compression,  and  the  devices  of  t\pe  and 
niched  pages  do  much  to  assist  speedy  reference.  When  once  their  contents  are  realized, 
the  Literary,  Biographical,  and  Geographical  Gazetteers  appended  at  the  end  are  an 
invaluable  addition  to  one's  reference  shelf." 

Rev.  J.  GOW,  M.A.,  Litt.D.,  Head  Master  of  Westminster  School  :— "  As  I  turn  over 
the  leaves  and  consider  the  amount  of  thought  and  of  various  Inbour  that  must  have  been 
expended  on  this  extraordinary  book,  I  cannot  but  think  it  at  least  as  remarkable  as  the 
Pyramids  or  the  Coliseum." 

Dr.  J.  H.  MURRAY,  Editor  of  the  Oxford  English  Dictionary .— "  It  is  a  wonderful 
volume,  which  well  maintains  its  ground  against  all  rivals  on  its  own  lines.  The  '  defini- 
tions '  or  more  properly  'explanations  of  meaning'  in  •  Webster'  have  always  struck  me 
as  particularly  terse  and  well  put ;  and  it  is  hard  to  see  how  anything  better  could  be  done 
within  the  limits." 

Professor  JOSEPH  WRIGHT,  M.A.,  Ph.D.,  D.C.L.,  LL.D.,  Editor  of  the  English 
Dialect  Dictionary: — "  The  new  editionof  Webster's  International  Dictionary  is  undoubtedly 
the  most  useful  and  reliable  work  of  its  kind  in  any  country.  No  one,  who  has  not 
examined  the  work  carefully,  would  believe  that  such  a  vast  amount  of  lexicographical 
information  could  possibly  be  found  within  so  small  acompass." 

Dr.  T.  J.  MACNAMARA,  M.P.,  says:—"  I  have  had  it  at  my  elbow  during  six  weeks' 
hard  labour — professional  and  literary.  How  I  got  on  without  it  before  I  can't  imagine. 
I  have  found  it  absolutely  impregnable  to  the  critical  investigator  anxious  to  detect  short- 
comings.    It  is  simply  abreast  of  every  development,  whether  in  the  field  of  literature, 

science,  or  art.    No  school  and  no  teacher  can  afford  to  be  without  it." 
V  Send  for  ILLUSTRATED  PAMPHLET,  containing  hundreds  of  other 
Testimonials,  and  also  Specimen  Pages,  Prices  in  all  Styles  of  Binding,  &c. 


Webster's    Collegiate    Dictionary 

The  largest  and  latest  abridgment  of  the  International.  Large 
8vo.  1,1 16  pages.  More  than  1,100  illustrations.  12.9.  net. 
Also  an  Edition  de  Luxe  on  Bible  paper.  145.  net.  And  in 
leather  bindings. 

LONDON:  GEORGE  BELL  &  SONS 
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